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A bstract

K E N N E T H  N . H K J H T O W E R :  Testing  for S tru c tu ra l C hange anti N o n s ta tio n arity  

(C n d e r the d irection  o f W il l ia m  R. Parke)

S ta tio narity  and s tru c tu ra l s ta b ility  are tw o o f the most im p o rta n t issues in tim e  series 

econom etrics. T h is  d isserta tio n  is a  study o f the  re la tionsh ip  between testing for s ta tio n a rity  

and testing for s tru c tu ra l change. Specifically, it is shown tha t a com m only used test for 

s ta tio n a rity  against the a lte rn a tiv e  o f a un it root proposer! by K w ia tk o w s k i. P h illips . Schm idt, 

and Shin |1 9 9 ‘J) (K P S S ) is a lgebraically  equivalent to  a m em ber o f a class o f tests against 

s tructu ra l change at an unknow n change-point suggested by A ndrew s and Ploberger I 199-1). 

W e extend this class by proposing two new tests for s tructura l change. 1 he m a x im u m  value 

o f the KPSS test s ta tis tic  is derived , and shown to  be a non-stochastic cosine function . I his 

result is used to study the a s y m p to tic  local power o f the test for various a lternatives , including  

structu ra l breaks, unit roots, and frac tio na l in tegra tio n .

A new class o f tests is proposed to d istinguish  between s tru c tu ra l change and unit roots. 

It involves a two-stage testing  m ethodology tha t looks at the properties o f snl>-samp|es of 

the d a ta  in a second-stage test. T h e  l>asic idea is that the subsam ple results should show a 

localized rejection in the  case o f  a single s tru c tu ra l break and w idespread rejection in the case 

o f a unit root.

f  ina lly , we exam ine the  em p irica l properties o f Treasury securities. W e find evidence  

o f persistence in returns, y ie lds  and te rm -p re m ia , but 110 evidence for persistence in excess 

returns. W e use the im p lic a tio n s  above to  explore w hether the persistence in ( .S. debt m arket 

returns and yields can be exp la ined  through s tru c tu ra l change. T o  th is  end we look at several 

m ethods o f sp littin g  the series in to  sub-sam ples and testing for persistence w ith in  sub-sam ples. 

The idea, s im ila r to th a t pursued by Lobato  and  Savin (1998 ) for stock returns and  squared  

returns, is that i f  the fu ll-sa m p le  results are  spuriously induced by s tru c tu ra l ins tab ility , there  

should not be any evidence o f long m em ory in the sub-sam ples. W e find tha t the evidence o f  

long mem ory rem ains even a fte r accounting for underly ing s tru c tu ra l changes.

iii
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W h a t  is a man.

I f  h i s  c h i t f  gotxi  a n d  m n r k t t  o f  h i s  Un i t  

B t  hut  t o  s l t t p  a n d  f t  i d *  a btast .  n o  m o n .
S u n .  ht  t ha t  n iadt  us w i t h  such l a n j t  d t s r o u r s t . 
L o o k i n g  h t f o n  a n d  a f t t r .  g a i t  us not  

r h a t  ca f s ib i l i t y  un i t  go d-h kt  n a s o n  
To f u s t  in us unus td .  , \ o w .  wht  th< r  i t  bt 

B t s t i a l  ob l i v ion ,  o r sonit r n i v t n  s cr up l t  
O f  t h i n k i n g  too p n c i s t l y  on tht  t i t n t .
.1 though t  which, q u n r t t  r 'd .  h a th  but ou t  p a r t  w isdom  
A m i  t i t r  I h n t  psir ts c o n a n l .  I  do  n o t  kn o w  
W h y  y t  I I  h i  t to say I I n s  t h in g  '.•> to  d o : '

Si th  I  l i a i t  m u s t  a n d  w i l l  a n i l  s t n n g t h  a m i  in tu i t s  
l o  do t .

H a m le t. Act IV  Scene iv

tv
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To m y  lot  i n y  i n f t  J t o n i m :

you o n  m y roust  o n J  t r i l l  u t u l  s l n m j t h  i i tu l  n i t ons .
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Chapter 1

Introduction

S tab le  re lationships am ong  variab les  are the foundation  for nearly a ll econom ic theories. S ta 

b ility  is im p o rtan t because w ith o u t it conclusions draw n from  econom ic analyses can be mis

leading or worthless. T h e  most com m o n  assum ptions in econom ic m odels are ones tha t restrict 

the structure  to  lie  s tab le  over t im e  a tu l/u r  across oliservations. K n o w n  v io la tions o f these 

assum ptions ran  be accounted fo r by m odeling  any changes in s tru c tu re . Therefore, it is not 

surprising  that nearly a ll serious em p irica l analyses begin by e ith e r e x p lic itly  or im p lic itly  

ap p ly in g  tests for s ta b ility .

Tor these reasons, s ta t io n a rity  and s truc tu ra l s ta b ility  are tw o o f the most im p o rtan t issues 

in tim e  series econom etrics. O v e r the  past decade, two large lite ra tu res  have developed a ro iir .i  

testing  for each o f these phenom ena. I nit root testing was pioneered by Dickey and Fuller 

I Fu ller. 197l>) and has been ex ten ded  by m any others who have devised test statistics to  divine  

w hether or not a series is [ (1 ) .  o r in the com m on term inology, has a un it root. A s im ila r idea 

was proposed by K w ia tk o w s ki. P h illip s . S ch m id t, and Shin | 1992). herea fte r K P S S . 'o  test for 

1(0). o r s ta tionary , d a ta . T h e  p ro perties  o f these statistics have been exhaustive ly  explored by 

m any researchers.

T h e  origins o f s tru c tu ra l s ta b ility  tests in econom etrics can be traced back to  ( 'how ( lUtiOi. 

These types o f tests tra d itio n a lly  took the hypothesized break po in t as know n a p riori. Re

cently. Andrew s (10 0 3 ) and  A n d rew s  and P loberger (1991) developed a  class o f tests that 

take the  break point as unkno w n, thus ex p lic itly  incorporating  the “e y e -b a llin g " o f all possible 

break points tha t has been a com m o n  critic ism  (see C h ris tian a . 1992) o f C how  type structural 

break tests.
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In  C h a p te r 3 we investigate  the re lationship  between a  co m m o n ly  user! test o f s ta tio n a rity  

and  tests o f s tru c tu ra l change. W e show th a t the co m m o n ly  used kw ia tk o w s k i. P h illip s . 

S c h m id t, and S h in  (1 9 9 ‘2) (K P S S ) test for s ta t io n a rity  vs. a  un it root emerges as a special 

case from  a  fram ew o rk  th a t Andrew s and P loberger (19 9 4 ) propose to  test for a s tru c tu ra l 

change when the  change-po int is unknow n. W e ex ten d  the A ndrew s and Ploberger fram ew o rk  

to  include tw o new test for s tru c tu ra l change, w hich  we denote  E r p > .  and .>«/)>. por a series 

y, -  r ,  +  u r w here r ,  is long m em ory and u, is s ta tio n a ry , the  tests are all based on the p a rtia l  

sum s, .s', =  £ [ = l (i/i — 5 ). o f  the residuals from  a  regression o f  y t on a  constant. O ur new tests 

are based on functionals  th a t weight each test o f  s tru c tu ra l change at point x. L M i  t i . by the  

w eighting  function  •/( t ) =  t ( 1 -  t i .  In this c on tex t, the K P S S  test is shown to occupv a niche  

we denote. , l i  y S .  The new statistics are given below

l ~ i y r  s -
, u , , <  =  - — f

,s-’ (C

=  > u p
f<E[l T] 1 >>

where is a kernel-based estim ate  of the long-run  variance o f u, .  I'll esc tests com |>are

to  the A ndrew s (19 9 3 ) and Andrew s and P loberger (1994  ) tests . 11;//. .1/ 1 x„ i. / . r p l .  \ l  ( t () i . 

and .'s'u/i/.A /l To) w here ~o is a trim m in g  p aram ete r and the I . M  | x i statistics are given e»|iial 

w eighting  (i.e . ./( x ) =  I ).

O u r new tests have some power advantages when a break occurs in the m iddle  o f the sam ple  

as well as for the case o f a o n e -tim e  s tructura l break th a t is u n ifo rm ly  d istributed  w ith in  the  

sam ple. W e also investigate  the properties o f bo th  types o f tests under the a lte rnatives  o f 

frac tio n a l in teg ra tio n  and  a un it root. An in teresting  result is th a t there is very l itt le  d ifference  

in  the perform ance o f the tests across a lte rnatives . In  fact, a test we denote . 1 / /  H T \ \ /">) for 

the  -<n/ W  break test for a s tructura l break in  the m id d le  o f the sam ple has close to  the  

power o f the . \ i  < /S /K P S S  test for a unit root a lte rn a tiv e .

T h e  s im ila r ity  between testing  outcomes has an im p o rta n t im p lic a tio n  for em p irica l re

searchers. A rejection  for a s ta tio n a rity  test does not im p ly  a  un it root. Likewise, a re jection
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o f a  test fo r s tru c tu ra l change does not im p ly  a break. T h is  is not m ere ly  a loss o f power. The  

tw o  types o f  test are  fu n d a m en ta lly  testing  for the sam e th in g . In s tead , a rejection  o f e ither 

test im p lies  th a t the series is not short m em ory.

C h a p te r  -1 looks a t the k ind  o f processes that yield  large values o f  the K P S S  s ta tis tic . We 

find th a t the  K P S S  test norm alized  by the sam ple size. T. has a m a x im u m  value and  we derive  

the process th a t produces this value for both  the dem eaned, . a n d  detrended . //-•  versions 

o f the test. W e show th a t a lth ou gh  the test is designed w ith  the unit root a lte rn a tiv e  in m in d , 

the m a x im u m  value is o b ta in ed  for a non-stochastic cosine function . S pecifically, we show that 

m ax 7’- 1 t/u =  ~ ~ 2 for the process y, - ro.s( x t /7 ' i .  w hile  m ax  7 “ 1 y .  =  i ’J t ) - * for the process 

y t =  ro s (‘2 x / / 7 ) .  These cosine functions provide benchm arks for o th e r possible a lte rn a tive  

hypotheses, and  they give a clear p icture o f the types o f realizations th a t a c tu a lly  trigger large 

Valin's for //w and  t j - .  I  hey show that is most sensitive to  a large change in the value o f y, 

between the beg inn ing  and the end o f the sam ple and th a t i/- is most sensitive to d a ta  w ith  a 

com plete cycle in the d a ta  period .

These ex tre m e  value results establish a fram ew ork for s tudying  the power o f the KPSS  

tests for a lte rn a tive s  tha t include unit roots and s tructura l breaks. W e  consider an a lte rn a tive  

hypothesis based on the process

-r = -r, + - rj/f

composed o f the  sum  o f a short m em ory process x ,  and a  long m em ory  process y, .  T h e  scalar 

‘ f  sets the  d istance between the null and the a lte rn a tive  for a sam ple o f size /  . W e show that 

the power for a sm all ~ r  i* closely related to  the extrem e value results for the process y, alone.

C h a p te r  •”) investigates the central r : 1 li'tn raised by the results fro m  C h ap te r T  N am ely , 

how can we d is tingu ish  between s truc tu ra l change an il unit roots i f  the  com m only  used tests 

yield  nearly  ind is tin gu ishab le  results for the two a lternatives  ’ W e propose a tw o-stage testing  

m ethodology th a t looks at the properties o f sub-samples o f the d a ta  in a second-stage test. 

T h a t is. g iven a Stage I rejection o f a s ta t io n a rity /s tru c tu ra l change test A. we propose calcu

la tin g  A fo r sul)-sam ples o f the d a ta . I f  \ { i n . k )  is a s ta tis tic  w ith  a null hypothesis o f short 

m em ory a pp lied  to  a  sulxsample s ta rtin g  in period in and o f length k.  O u r  propositi subsam ple
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sta tis tic  for testing the hypothesis Stage I I  null hypothesis o f  a un it root process is given by

avg A ,{ i n .  k )
t  , i m g . I f

=  --------- r - ------ 7T
sup At i m . k )

m £ \ f

where q =  k / T  is constant and  St  =  [1.7" — k] .  T h e  basic idea is tha t the subsarupU results 

should show a localized rejection in the case o f a single s tru c tu ra l break and widespread  

rejection in the case o f  a  un it root.

W e derive the d is tr ib u tio n  o f A,l</'i under a un it root for several choices o f short m em ory  

statistics A ,|m . k ) .  in c lu d in g  several exam ined in C h a p te r 3. W e show th a t A ,( 7 ) is consistent 

against a one-tim e  s tru c tu ra l change where the change-point is u n ifo rm ly  d is trib u ted .

O u r Stage I I  test perform s reasonably well, p a rtic u la rly  when the p ro lia b ility  o f a  Stage I 

rejection is high. W e find  th a t the perform ance o f  the test can be m arked ly  im proved In  using 

a hybrid  version that uses different A, in the Stage I and  Stage I I  tests. I he best p erfo rm ing  

test is one that com bines the x u p l . S l  test in Stage I w ith  the . I I I  H T \  1 /2 j  in Stage I I .  I his 

is because, while the A f t  H T i  I /  l i ) has the best properties for Stage I I .  it suffers from  a lo s s  of 

power ill the Stage I test.

C h ap te r ti uses the im p lic a tio n s  from  C h ap te r 3 to  explore w hether the persistence in 

C .S . debt m arket re turns and yields can be explained  through s truc tu ra l change. C n like  

equity returns, we find strong  evidence for long m em ory in C .S . Ireas tiry  securities. W e also 

docum ent this persistence for yields and te rm -p re m ia  but find no evidence o f long m em ory in 

excess returns. To  test i f  s tru c tu ra l change is causing this, we split the series in a  num ber o f 

ways to  test the sulesam ples for long m em ory. F irs t, we use a  split in O ctober l!)7!) when the  

F F D  changed its o p e ra tin g  procedure. W e follow  by s p littin g  using a sequential b reak-poin t 

e s tim ato r o f Bai and Perron (20 0 1 ) on a m onetary  variab le . M 2 . The resulting break dates  

are then applied to  the re tu rn  and y ie ld  series. Fvidence o f long m em ory in the fu ll-s a m ile  

returns but not in the fu ll-sam p le  excess returns m o tiva tes  a Fischer type story where breaks 

in in fla tio n  effect returns but not excess returns. A g a in , we use the  sequential b reak-poin t 

e s tim ato r to  split the in fla tio n  series and app ly  the results to  returns and yields. F in a lly , we 

estim ate  the cond itional s ta te  p robab ilities  from  a H a m ilto n  | 1900) tw o-state  M arkov-sw itch in g  

m odel. W e use these p ro b ab ilities  to  split the samples in to  contiguous regimes.

O vera ll, we find very l i t t le  support for the s tru c tu ra l break hypothesis. Persistence rem ains

1
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in nearly  a ll  o f the sub -sam ple* across the  d ifferent splits , im p ly in g  tha t long m em ory  m odels  

should be seriously considered w hen m o d elin g  debt m arket re turns, yields, and  to rm -p re m ia . 

T h is  is find ing  has im p o rta n t im p lic a tio n s  for te rm  s tructure  m odels, bond pric ing , and  fixed  

incom e d eriv a tiv e  m odels. T h e  M ark o v -s w itc h in g  m odels show some prom ise, a lthough  in 

m any cases the states change too  frequ en tly  to  produce re liab le  sub-sam ples in which to  lest. 

T h is , o f course, m ay very well be seen as evidence to  support the view th a t there is litt le  

observational difference between long m em ory  and  M arkov-sw itch in g  models.

■)
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Chapter 2

Literature Review

I I I  is chapter briefly reviews long m em ory, s ta tio n a rity . and s tru c tu ra l change to  provide hack- 

ground and context for the  issues explored in this d isserta tion .

2.1 Long M em ory

N o rm a lly , only integer powers o f d  are considered in A H IM  A |p. d. q) m odels, hut there is no 

m ath e m a tic a l or s ta tis tic a l requirem ent th a t d  take  on only integer values (e .g .. i /=  I yields a 

first-difference m o d el). In  a frac tionally -d ifferenced  m odel, d can take on non-integer valuis. 

and  the resulting tim e  series ra n  exhib it some p articu la rly  in teresting  dependencies, (d a n g e r  

and  Joyeux (19S0) and H osking  I I9 N I )  show th a t extending  the lag o pera to r to  non-integer 

powers o f d results in a w ell-defined  tim e  series tha t is fractionally  in tegra ted  o f order d. The  

differencing operator may he w ritte n

CJ.li

leading  to the fo llow ing representation  o f a t im e  series where p  =  q — 0 :

I '(<: - d )

I' | - d ) Y \ k +  1)

, d A  I (it -  di 
n  -  I-} yt =  }  t:-----JTT- }-----— */r -  As l - . ’-V'

I t — / / i f  iL r  +  I I
k -  0

H ere . I' is the usual g a m m a  fun ctio n .

In  his excellent survey paper. B a illie  | 199fi) reviews a num ber o f different long-m em ory  

m odels. One sim ple m odel is an A R F IM A  |0 .< /. 0) process given by

11 -  L) J[y,  -  p) -  t,  r_\:5)
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T h is  m odel is studied in flra n g e r (1 9 8 0 ). (Jranger .and Joyeux (1 9 8 0 ). and Hosking (19 8 1 ). 

T h e ir  w ork shows than when d  <  o, the series has fin ite  variance, but for d  =  •'). the series has 

in fin ite  variance. T h e  tim e  series is s ta tio n a ry  and in v e rtib le  when — •) <  d  <  For d  =. 

s tan d ard  B ox-Jenkins techniques w ill ind ica te  th a t d ifferencing  is required and provided that 

d  <  1. d ifferencing  w ill produce a series whose spec tru m  is zero a t zero frequency. This 

heavily-used m odel is a special case o f an A R F IM A  i p . d . q )  process given by

<!>( [ . ) [  1 -  L ' f ' U ’j t  -  /<) =  B ( / .)» , 12 . 1 )

w here p  — y =  0 .

Fractionally -d ifferenced  tim e-series m odels have very interesting  long-run forecasting prop

erties. A fra c tio n a l w hite  noise series y, ~~ Ili/'i m ay be represented as an M A l x i  process 

w here the m o v ing  average coefficients decline slow ly fo llow in g  the form  ~  .T <_ 1 where .1 

is a constant. A s ta tionary  A H M A i/m / i  w ith  in fin ite  p and  q w ill have coefficients that de

cline at least expo nen tia lly : />; ~  .\ ( V . O ne im p o rta n t im p lic a tio n  o f these stark  differences 

in coefficient decay rates is that a frac tiona lly -d iffe renced  m odel m ay provide better long-run  

forecasts from  a  very sim ple m odel com pared to A H M A lp .  </• models where /> and </ are large.

2.2 Stationarity

A m etho d  for testing for s ta tio n a rity  in econom ic tim e  series promised by Kvviatkovvski. 

P h illip s . S c h m id t, and Shin 1199’J ). hereafter K P S S . has become a very popu lar analy tic  tool 

am ong  ap p lied  econom etricians. They tackle the u n it root testing  problem  from  the opposite  

d irec tio n  o f the ubiquitous tests o f Bickey and F u lle r. W hereas the D ickey-F u lle r test and its 

varian ts  s tarts  fro m  the null hypothesis o f a unit ro o t, the K P S S  test has a null o f s ta tionarity .

I he test is an I .M  test that a series Ijased on the sum  o f a d ete rm in is tic  trend , random  w alk.

am i s ta tionary  erro r. More form ally  let y , . t =  1 I '  he  the  ol>served series to  be tested for

s ta tio n a rity . Assum e that y, can be decomposed as:

y t = V  +  r ,  +  t ,  ( -  - •">)

where

n = r, +  u,
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and  ( ,  and  u,  are iid  ( 0 .<r2). iid  (O .rr2 ) respectfully. I 'n d e r  the  n u ll hypothesis o f s ta tio n arity .

i t 2 =  0 . T h e  c o m p u ta tio n  o f the test is q u ite  sim ple. Let f , .  I =  1 T  be the residuals from

the  regression o f y  on an in tercept a n d /o r  a tim e  tre n d . Let s2 ( f )  be an es tim ate  o f the long  

run variance. I f  we define the p a rtia l sum  process o f th e  residuals:

r
S  =  f i . t =  I  T

1 - 1

then the K P S S  test s ta tis tics  are given by:

,} =  2 ^  s'f2 / s 2( / i

for tests based on the residuals fro m  a level [ \ )u \ or t im e  tren d  ( r). i regression.

The d is tr ib u tio n  o f the test s ta tis tic  converges to  a fu n c tio n a l o f a B row nian Bridge. T he  

e s tim a to r o f  the long run variance is o f the type suggested by Newey and West | 1987i. I'hey  

tabu  Late upper ta il c r itic a l values for the two d is trib u tio n s  an il app ly  the tests to  the Nelson 

and Plosser ( 198‘2i d a ta  set.

Several ot her tests a long  t he sam e vein were suggested p reviously  by Ny blom  and M akelainen  

( lf jS T i. N y b lo m  I lftHti. 1989). and N abeya  and T an aka  I P M * ) .  I hese were. however. generally  

derived  under m ore restric tive  assum ptions on the e rro r d is tr ib u tio n  that are unlikely  to hold 

in the in teresting  cases in  econom ic d a ta . Specifically. K P S S  a llo w  for fa irly  general depen

dence in the  error s truc ture  under the null hypothesis o f s ta tio n a rity . I'hey find th a t under 

regularity  conditions like those o f P h illip s  and Perron t 1988). a heteruscedastic au tocorre lation  

consistent | I L \ (  "i e s tim a to r o f the long run variance proposed by Andrews | 1991 i accounts for 

any short te rm  dependence.

L eybourne and M cC ab e  (199  I)  take  another approach  in  accounting for short term  d y 

nam ics in the error s truc tu re . I'hey derive a [ la ra m e tric  s ta tio n a rity  test using the p artia l 

sums o f  residuals L o in  an A R I.M A lp .1 .1 )  m odel. T h is  test is s im ila r in spirit and d is trib u 

tion  under the null to  the K P S S  test o f  s ta tio n arity . In  fac t, it is convenient to th in k  o f the  

Ley b o u rn e -M c C ab e  test re la tin g  to the  K PS S test as the  A I ) F  test for a unit root relates  

to  the  non-(>aram etric  P h illip s  and Perron (1988) un it root test. T h e  s ta tion arity  tests have 

s im ila r size and power, however the Ley b ou rn e-M cC ab e  test is not as sensitive to  the choice 

o f p  >  p ‘  as the K P S S  test is to  the choice o f the lag tru n c a tio n  param eter f  in the estim ate  

o f the  lon g-run  variance.

8
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Lee and Schm idt (1996 ) show th a t the  K P S S  test is consistent against s ta tio n a ry  long 

m e m o ry  a lte rn a tives , such as /(< /) processes for d  £  | —G o. ()..'»). d  ^  0. It  can therefore be 

used to  d istinguish  short m em ory and  long m em o ry  s ta tio n a ry  processes. T h e  power o f the 

K P S S  test in fin ite  samples is found to  be co m parab le  to  th a t o f m odified  rescaled range test 

(L o . 1991). T h e ir  results show th a t a  ra th e r large sam ple size, such as T  =  1000. w ill be 

necessary to  d istinguish re liab ly  between a  long m em ory  process and a short m em ory process 

w ith  co m parab le  sho rt-te rm  a u to co rre la tio n .

Lee and A m sler 11997) derive the a s y m p to tic  d is tr ib u tio n  o f the K P S S  (1992 ) statistic  

under nonstationary long m em ory (O ') <  d  <  I ) .  T h ey  find tha t its order in p ro b a b ility  is the 

sam e under nonstationary  long m em o ry  as under a un it root. It cannot, therefore, distinguish  

consistently  between the tw o cases.

Lee. H uang , and Shin I 1997) ex a m in e  the effect o f  a s tru c tu ra l break on s ta tio n a rity  tests. 

Previous work has shown that s ta tio n a rity  tests suffer from  size d is tortio n  problem s i f  a struc

tu ra l break exists but is ignored. T h is  p rob lem  parallels  the power loss problem  o f unit root 

tests ignoring  an existing  break. T h e y  find th a t the d is trib u tio n s  o f s ta tio n a rity  tests are 

a s y m p to tic a lly  invarian t to  the exclusion o f the ex isting  break under the a lte rn a tiv e  hypothe

sis o f  a unit root.

2.3 Structural C hange

I wo general tests for s truc tu ra l change th a t are easy to  com pu te  and frequently  used in practice  

are  the  C l  S I M  and ( T S I M  o f square’s ( ( V M S l M S Q j  test statistics suggested by Brown. 

D u rb in , and Kvans | 197a). T h e  tests are based on recursive residuals and are qu ite  general in 

th a t they do not require specification o f  the  typ e  or t im in g  o f the s tru c tu ra l change.

The t ,h recursive residual. r f . can be thought o f as the t j  /lost forecast error for y, when a 

regression is estim ated  using only the first / - I  observations. I f  u , is the recursive residual scaled 

by the  forecast variance, then it, ~  .Y |(J . i t *) and  / : ' | i i v . u >)—9 for a ll r  s. T h e  ( T S I M  test 

is based on the cum ulated  sum o f these scaled residuals an il the test is perform ed by p lo tting  

th is  cu m ula ted  sum against tim e  an il observing  w hether or not it strays outside o f confidence 

bands for the ap p ro pria te  significance level. T h e  ( T S I M S Q  test is form ed in  a s im ila r fashion.

P loberger and K ra m e r (199*2) ex ten d  the d is tr ib u tio n  theory o f ( T S l M - t y p e  tests from

9
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recursive residuals lo  O L S  residuals and  show th a t the d is trib u tio n s  go to  functionals o f a 

B row n ian  bridge. In  this sense. ( T S l  M -ty p e  tests are closely re la ted  to  the K PS S test for 

s ta tio n a rity .

O n e  draw back o f ( T ’S l ’M -ty p e  tests is th a t , as general tests o f s tru c tu ra l change, they are  

not as powerful as ( ’how -type tests th a t specify specific break po in ts . How ever. Chow tests 

lose much o f this advantage i f  the break po in t is unknow n.

A ndrew s (199.4) addresses this issue by fo rm u la tin g  a general test for p aram ete r in s tab ility  

and  s tru c tu ra l change w ith  unknow n change point in nonlinear p a ra m e tric  models. His tests 

are I .M .  l .K . and W ald  tests Ijased on the  generalized  m ethod o f m o m en ts  | ( i M M  i estim ators. 

T h e  tests take the form

sup I. A / / - ( i i  
<■€11

w here l . M r i  is a test for s truc tu ra l change at tim e  -  c  I I .  where [ I  is a subset o f (0.1 i. I bis 

s ta tis tic  form ally models one o f the com m o n  critic ism s o f tests for s tru c tu ra l change, nam ely  

th a t the best candidate for a break is o ften  picked u pr i or i .

T h e  d is trib u tion  is given by

m a \|  / ( . .  I x i -  x / f r ( l i i ' l  H r  ( x 1 -  x / ( . ,  1111 /  [ t !  I -  x i j
TtH  ' ' ' '

w here H r  is a /► vector o f B row n ian  m o tio n . /> being the num ber o f param eters  r ’lat change

under the a lte rn a tive  hypothesis. T h e  d is tr ib u tio n  dejiends 011 I I .  the  set o f possible change

points. Ib is  set must be bounded away fro m  the end[M>ints. He tab u la te s  c ritica l values for 

various values of /> am i I I .

A ndrew s and Ploberger (1994 ) consider o p tim a l tests for p aram eter vector constancy when 

the like lih oo d  function depends on an a d d itio n a l param eter under the a lte rn a tiv e . A classic 

ex a m p le  o f this problem  is testing for a one tim e  s truc tu ra l change w here under the a lte rnative  

the d is tr ib u tio n  depends on the b reakpo in t x . T h e  o p tim a l test s ta tis tic  is given by

w here l . A l j -  |x )  is the standard  test for a  break at t im e  x and . / (x )  is a weight function over 

the set o f  possible breakpoints which m ay  be given the in te rp re ta tio n  o f a  Bayesian prior.

T h e  sta tis tic  depends critica lly  on the  p ara m e te r c which for larger values o f c gives more  

w eight to  a lternatives  where the break size. i .  is large. T ak in g  the n o rm a lized  lim it as r  —> 0

1 0

I.M r ( X I iU  ( x i
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yie lds  the  “ average I.M~ s ta tis tic  w h ich  is designed fo r a lte rn a tive s  close to  the n u ll.

lirn 2 ( F r p l . M - f c  — H /<* =  f  /. A /j -1 " )< /./( x 'i  
o J

For d ifferent m odels, a variant o f th is  s ta tis tic  has l>een considered by. am ong others. N yb lo m  

(1 9 8 9 ).

A t the o th er extrem e, the norm alized  s ta tis tic  as r  —► x  is given by

lim  log 1 +  c) r / 2 K r p L . M f r )  — log J exp  ^ - / . A / r  1" ) ^  d J [ - \

N o te  fu rth er, th a t i f  c / i  I +  r )  is replaced by r  >  0. the norm alized  s tatis tic  as r  —> x  is the 

sup /. .If  s ta tis tic  considered by A ndrew s (1 9 9 3 )

lim  (log /- .'x p /.A /f  .1 ,/r  =  sup / .A / r ix i  
r - * ^  ' T C tf

I he la tte r test is not an o p tim a l test o f the  sort considered. T h e  sup /. A/ test directs power

against ex trem e  alternatives .

Andrew s. Lee. and I’ loberger I I9 9 (ij d erive  fin ite-sam ple  o p tim a l tests that generalize A n 

drews and I ’ loberger 11991' for one or m ore  change points at unknow n tim es in a m i , V  

n orm al linear regression m odel w ith  fixed regressors. M ore  generally , these tests m ay be used 

to  lest the null o f param eter constancy against a very broad range o f a lternatives  p aram ete r  

changes o f a less specific nature. For instance m a rtin g a le  p aram eter changes s im ila r to  that 

studied by N yb lo m  (1 9 *9 ).

T hey  suggest the use o f t fie > r p l 'v e rs io n  o f the test ( r  =  x j .  I lie stat ist ics are const ructed  

from

1(7 — .s t/ 1  I ' m  r  j i /. A / ( x i 
/- ( x i  =  --------------'■---------------1------------- -

I I -  /. A / ( x ) / /  )

where m  is the num ber o f change points and  r  is the num ber o f param eters that change under

the a lte rn a tiv e  hypothesis. T h e  o p tim a l s ta tis tics  are then:

/. x p / (. =  (1  12 ^  exp f  —   ------ - / ' (  x ) j  ( / . / ( x )
Ten ^ +  (

T w o  useful norm alized  lim itin g  s tatistics are

a i u F  =  lim  21 F r p F r — I i / ( c m t  i =  / ' ( x j . / ( x i
r —* 0  (-—>

rgri

11
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and

f r p h \ _  =  lim  log ( |  1 +  r j m t /2 E i p F ^ j  ~  log ^  exp  ( - ^ - F I t ) )  J \ ~ )  

r_>̂  ten
T h e y  com pare  power for m a n y  .•statistics across a range o f  a lte rn a tives . T w o  o f their 

com parison tests are the S y b L M  test o f N yb lo m  (1989) and the so called  m id p o in t /-'-test. 

F (0  -Vi. T h e ir  findings include th e  observation  th a t the F(0 .->) test does p re tty  well against 

m a rtin g a le  a lte rn a tives  and th a t S y b L M  is m ore powerful against breaks in  the m id d le  of 

the sam ple. T h e  la tte r is not surpris ing  in light o f  the in te rp re ta tio n  o f  the .V y b L M  test as a 

version o f t i i y l . M  w ith  J {~ j equal to  a p a rtic u la r nonuniform  function  th a t gives m ore weight 

to  breaks in the m id d le  o f the sam p le .

D iebo ld  and ( 'hen 1199til co m p a re  tw o approxim ations to  the fin ite  sam ple d is trib u tio n s  of 

test statistics for s truc tura l change under the null hypothesis o f s ta b ility , one based on asym p

totics and  the o th er based on the b o o ts trap . T h e  asym pto tic  tests are o f the s iip rem utn . aver

age. and  exponentia l type suggested by Andrew s |199 ili and A ndrew s and I ’ loberger I 199-li. 

The b o o ts trap  d is trib u tio n  is in th e  spirit o f C h ris tian o  I 199'Ji. T h ey  look at (Jatissian mean 

zero A H | l i  processes where a break  im plies that the A li(  l i  coefficient changes in the sam ple. 

I hey conclude tha t caution  should be exercised when using the a s y m p to tic  test procedures 

because there are significant d ev ia tio n s  between the nom inal an il em p iric a l test size. I he boot

s trap . however, appears to do well even in sm all samples w ith  high serial co rre la tio n . It should 

be noted that they are looking at th e  properties when there are d yn a m ic  regressors whereas 

A ndrew s focuses on d eterm in is tic  regressors. T h e ir  findings for the A s y m p to tic  S u p l.M  test is 

that it tends to  under reject d ras tica lly  but is not as sensitive to  serial corre la tio n  as are the 

A s y S u p I.H  or A syS u pW  statistics.

Nunes. K u an , and New bold  (199-Vi analyze  a Q M I.K  e s tim a to r o f  the break date . I'hey 

show consistency provided the d a ta  g enerating  process is not in tegra ted . T hey  find th a t when 

the series is generated by an 1( 1 ) process w ith  d r ift, analysis can spuriously lead to  a break 

near the  m id d le  o f  the sample.

Ley bourne an il .Newbold fJOOOl look at tests o f the unit root null when the true data  

g enerating  process is It l i  w ith  a b reak . T h ey  find that A D F  type statistics over-reject the null 

i f  there is a break in the early p art o f  the sam ple. Thus, s tru c tu ra l breaks can hide evidence 

o f a  un it root as well as lead to th e  spurious unit root conclusions seen elsewhere. T hey  find
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th a t  th is  phenom ena is not present for a test baser! on a  sym m etric  w eighted e s tim a to r. The  

p roperties  o f the weighted test are  much b ette r for the  m ean change th an  for th e  break in 

tren d  case w here a test size near zero shows the d ifficu lty  in d istinguish ing  between s tru c tu ra l 

change an d  unit roots.

13
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C hapter 3

Tests for Structural Change and 
Nonstationarity

W e establish a un ify in g  algebraic fram ew o rk  for testing for long m em ory. O u r fram ew ork  

encompasses s truc tu ra l change, frac tio n a l in teg ra tio n , and unit roots. It includes several com 

m on ly  user I tests for s tructura l change am i unit roots as special cases. In  p a rtic u la r, we 

d em o n stra te  tha t the K P S S  test | K w ia tk o w s k i. P h illip s . Schm idt, and S h in . I99'_, i based on 

a unit root a lte rn a tive  hypothesis is a special case o f a test Andrews and  P loberger ( I9 9 - l i  

proposed for s truc tura l change. W e also in troduce tw o new tests for long m em ory tha t have 

desirable properties under certain a lte rn a tives . W e show that the em p irica l differences am ong  

these tests are ra ther sm all and that the  choice o f one over another depends upon the p a rtic 

ulars o f the a lte rn a tive  under consideration .

3.1 T he N ature of the Problem

A ltho ug h  s tructu ra l changes and unit roots are both  explanations for p erm an en t changes in 

econom ic d a ta , the two concepts have generally been treated com pletely separate ly . W e show 

tha t the K w ia tko w ski P h illips. S ch m id t, and Shin I 1‘i ‘J‘J) test for a unit root is an a lgebraic  

special case o f the Andrew s and I ’ loberger ( 199-li test for a structura l b reak. I he tw o  papers, 

nonetheless, do not reference one ano ther and do not share a single com m o n  reference.

In  th is  chap ter, we provide a u n ify in g  a lgebraic  fram ew ork for tests for s tru c tu ra l change 

anil tests for nonstationarity  , illu s tra tin g  the fu n d am en ta l s im ilarities  lin k in g  the  tw o  d isparate  

strands o f  the lite ra tu re . W e also show that the practical im p lica tio n  o f  these s im ila rities
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is th a t the differences am ong  the tests are m in im a l for a range o f a lternatives , inc lud ing  

s tructu ra l change, un it roots, and  frac tio na l in te g ra tio n . 1 S tru c tu ra l change and o ther form s  

o f n o n sta tio n arity  are not. however, iden tica l, and we w ill in troduce a new test in C h a p te r .') 

th a t effectively d iscrim inates  between the tw o  form s o f long m em ory.

T h e  m em ory  o r dependence o f a  zero m ean tim e  series can be expressed by the prop

erties o f its  p a rtia l sum  .S’, -  T h e  process is said to  be s/iorf nir m o r y  i f  <r2 -

litnr-.% _ Kl 7"'*.> ’£ )  exists and is nonzero, and

-S[rr] => # <r )- V r €  [0. I . ] | i U i
(TI  */ 1 ‘ 1

where (r '/'] is the  integer part o f  r l .  => denotes convergence in d is trib u tion , and H [ n  is 

standard  B row n ian  m o tion . B a illie  | l ! ) (J(>i shows that these conditions allow for departures  

from  covariance s ta tio n a rity . but require the existence o f a liso lute  m om ents o f order d. for 

some .i >

In Section :1.2. we propose th a t the most direct approach to testing  for long n if i i io r ;  is to  

estim ate  the long-run  variance, cr2 . th a t is at the heart o f the d efin itio n . We propose the test

s- ’ l / i
A =  - — . i a.-.'i

s - (> I

where s*’ ( -i is the  fa m ilia r  kernel-based estim ate  o f a 2 using the B a rtle tt weights. W e d em o n 

s tra te  tha t this test, p roperly  n orm alized , is a lgebra ica lly  iden tica l to  the KPSS test for non- 

s ta tio n arity . W e then dem on stra te  th a t both tests are an a lgebraic  special case o f the Andrew s  

and I ’ loberger test for s truc tu ra l change at an unknown change-po int.

H isto rica lly , o f  course, the developm ent o f tests has concentrated  on direct coiit[>arisons o f 

versions o f a nu ll hypothesis em phasizing  s ta tio n a rity  w ith  specific nonstationary a lte rnatives . 

Consider processes o f the form

y i - i t  +  r , .  l.'I.Ti

K w ia tko w ski et a l. ( 1‘JD'J). for exam p le , derive the ir form  o f A in the context o f the case where

is s ta tio n a ry  and  r ,  is a un it root process. W h ile  the stated  null hypothesis for this test

is a s ta tion ary  process. Lee and Schm idt show th a t the n atu ra l null and a lte rn a tive

1 T h is  f in d in g  is n e t e n t ire ly  n ew . H e n d r y  a n d  N e a le  ( I'JU I ) p o in t  o u t  th a t  a  s t ru c tu ra l  h reak  is v e ry  lik e ly  
t*> b e  d ia g n o s e d  as a  u n it  ro o t i f  th e  te s t a p p lie d  is a  u n it  ro o t te s t.

15
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hypotheses for the K P S S  test are short m em ory and long m em ory. T h is  conclusion follows  

from  the ir find ing  th a t the  test is consistent for fra c tio n a lly  in tegra ted  processes l i d )  w ith  

0 <  </ <  l / ' l .  Such a  process is s ta tio n a ry , but not short m em ory , and  dem onstrating  th a t it is 

rejected w ith  p ro b a b ility  one in large sam ples c learly  establishes th a t the null hypothesis for 

the K PSS test is short m em ory, not s ta tio n a rity .

T h e  s tru c tu ra l break lite ra tu re  arrives  at the sam e test from  a  different o rig in . A ndrew s  

(1993) considers the case, in (3 .3 ) above, where is s ta tio n a ry  and  u f is a s truc tura l break  

process. Let /„ . \ / t - |x )  be the s ta tis tic  for the Lagrange m u lt ip lie r  test for the a lte rn a tiv e  

hypothesis th a t a s tru c tu ra l break occurs at a known observation  [x T ]  in a sam ple o f size T .  

I f  the b reak|H jin t is u nknow n. A ndrew s (1993 / proposes a  s ta tis tic  o f the form

s i i p / . . \ / r |x i  |3 .1 i
T€tl

where the set I I  =  [x„. I -  x0 j is bounded away from  the  endpo ints  by the choice o f a tr im m in g  

param eter Xy. I he t r im m in g  param eter is necessary because, as A ndrew s 11993) shows. when  

I I  =  [0 . I] the test s ta tis tic  < 3 .1 > does not converge in d is tr ib u tio n .

We propose an a lte rn a tiv e  test for s tructura l change th a t avoids the need to  choose x„. 

O u r sta tis tic  is o f the form

sup xl I -  x i / . M r  | x i . |3.."m
if [u  t]

where the s iip rem u m  is over the en tire  [0.1] range. T h e  level-o  c ritic a l value for the case o f  a 

univaria te  s tru c tu ra l change is - /n t o / 'J l / 'J .  which is surpris ing ly  elegant given the com plexity  

o f the d is trib u tion s  in this lite ra tu re .

Andrews and  P loberger I 1994) in troduce a weighted average o f LNt statistics as an a lte r 

native to  the su p rem um . I  heir s ta tis tic  is given by

/  L M r i  ")</.•/( i ) .  (3.t>)

r t n

where J { ~ )  is som e m easure defined over I I .  For a struct u ra l break w ith a n  unknown breakpoint 

they recom m end the u n ifo rm  w eighting  function  V |x )  =  1 on in tu it iv e  grounds. The obvious

extension to  o u r new s ta tis tic  (3 .3 ) is the w eighting fu n c tio n  J | x) =  x| 1 — x i.  This leads us

to propose the s ta tis tic

j  x( 1 -  x i / . . \ / r | x )< /x . ( 3 .7 1

* € [ 0 . 1]

it;
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which equals A. given in (3 .2 ) above.

T h is  s ta tis tic  is. in fact, a w ell-know n test for unit roots. W e show th a t, for a u n ivaria te  

tim e  series process. (3 .7 ) is a lgebra ica lly  equal to  the K P S S  s ta tis tic

T - 2  y r  <2 

s - i r ,

where =  5Zr — i I — Tf) an<l .s* ( f )  i* a kernel-based e s tim a te  o f  the long-run variance.

Show ing th a t the K P S S  test for unit roots is a p a rtic u la r case o f the A ndrew s-P loberger test 

for a s truc tu ra l breaks has im p o rta n t im plications. It reinforces the point tha t the differences 

between tests for s tru c tu ra l bre.aks and tests for un it roots are m ore a m a tte r o f approach than  

o f practical conclusions. T h e  practical differences l>etween a constant w eighting function over 

the in terval [ t ( ) . I -  x0 ]. as suggested by Andrews I Iff93) and  A ndrew s and Ploberger ( 199-li. 

and the weights V (x )  =  x( 1 — x i over the interval [0. I ] ,  used in the K P S S  statis tic  and in our 

new sta tis tic  (3 .5 i. are re la tive ly  sm all over the m id d le  p o rtio n  o f the range between 0  and 1. 

W e show in Section 3 . 1 th a t the em p irica l properties o f these tests are nearly identical across 

a wide range o f a lte rnatives  inc luding  structural breaks, un it roots, and fractional in tegra tio n .

I he results also iden tify  an im p o rtan t p itfa ll. It is q u ite  m isleading  to conclude that a 

process is a unit root i f  you reject using the K P S S  test, but tha t it is a s tructura l change if  

you reject using the algebraically  equivalent A ndrew s and P loberger fo rm u lation . I he best 

you can say w ith  e ith er test is th a t , if  you reject the null o f  short m em ory, then the process is 

not short m em ory.

W e w ill organize our discussion as follows. W e first illu s tra te  in Section 3.2 the connections 

between tests o f s tructu ra l change and n onsta tionarity  and propose two new tests that fill in the  

unoccupied niches o f the A ndrew s and Ploberger typ e  s tatis tics . Section 3.3 provides critica l 

values and Section 3.1 provides evidence on the size and pow er o f the tests. We sum m arize  

our results in Section 3.5.

3.2 Tests

3.2.1 T h e  D ire c t A pproach

I lie direct approach to testing  using the null o f short m em ory and  the a lte rn a tive  o f long 

m em ory is to  estim ate  the long-run  variance. W e im p le m e n t this idea by d iv id ing  a variance
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e s tim ate  th a t is sensitive to  the presence or absence o f long m em ory by a variance estim ate  

th a t is less sensitive. ( liv e n  a process y t and  the dem eaned residuals f ,  =  (y f — y r  '• wp propose 

the s ta tis tic

.2 I T)
A =

s2 | / i

w here s 2 { T )  and s2( ( )  are estim ates o f  th e  long-run  variance. T h e  d enom inator is the  fa m ilia r  

Newey and  West (1987 ) kernel-based e s tim a te  s 2{ f )  w ith  b an d w id th

r t r
s* ( ( ) =  r _l  ^  f f* +  2 / ^  » ( . ' .  ()  ^

r - 1  * -  l r - f  + i

when*

r
' r  =  yt -  l ' ~ 1 yx 

1 - 1

W e w ill use t he B art lett w indow «■(> ./) =  1 — s / |  I 4- 1 i. A coudit ion for consistency and positive  

definiteness is tha t ( - >  x  a> / ’ - *  \  , but tha t t / /  —v 0. T y p ic a lly  * — i<;.( [  1' * t is sufficient 

for this purpose*. W e w ill refer to  s ; |t  i as a restricted-lvandw id th  kernel-based e s tim a to r. I lie 

n um erato r .s■*(/ ). which we w ill refer to  as the m axim um -handvvid th  kernel-leased es tim a to r, 

uses the sam e kernel, but sets the b an d w id th  equal to  the sam ple s i/e .*

An in tu it iv e  argum ent illustrates w hy A is a consistent test for long m em ory. I f  y t is short 

m em ory, then the denom inator s*’ |t  i is a  consistent estim ate  o f the long run variance cr‘  and. 

w hile  s*| l " \  is an inconsistent e s tim a to r for rr ‘ . it does converge in probability  to  a  lim itin g  

d is tr ib u tio n . I f  y t is long m em ory, then .•>*( /  ( increases w ith ou t lim it as I  —* x  because it 

is sensitive to  the higher-order autocovariances and under long m em ory those autocovariances  

go to  zero very slowly. In fact, the sum  o f  the al)so lute values o f the autocorrelations o f  y,  goes 

to  in fin ity  as T  —*• x .  For s * | f ) .  we d is ting u ish  tw o cases. I f  i  — 0 . it e ither converges to  the 

variance o f the process, if  that variance is fin ite , or goes to in fin ity  i f  it is not. fo r  i  >  0 . such 

th a t t / T  —> 0 as T  —► x .  we show th a t s i { ( )  goes to  in fin ity , but m ore slowly than  s *l I  ) as a 

result o f  few er included autocovariances. T hu s, the s ta tis tic  is a way to measure the  re lative  

im p o rtan ce  o f  h igher order autocovariances and hence the like lihood  o f long run dependence.

W h ile  the ra tio  . s * ( D / s * ( f ) o f lon g -run  variance estim ates is new. this s ta tis tic  is not. W e  

identify its  place in the unit root testing  lite ra tu re  using the fo llow ing  result.

K ie fe r  a n d  Y o g e U a n g  ( 2000) suggest th e  e s t im a to r  * 2 ( T )  fo r  use in  H A < * robust te s tin g .
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P r o p o s i t io n  1 . ( H i m  a p r v r t s s  y t a n d  r> su lna ls  f ,  =  ( y t — i j r ) .  i f  s*( 7 ) is r o m p n t t d  i i snnj  <i 

B a r t h  t t  w i n d o w ,  t l i t n

s2(T) = 27"2 53 >;
f - I

u7u rv

■s =  5 >
I

Proof .  W e w ill list* the su iiim ation s  < f ° r * - 1 7’ and for

I =  1.....T .  Because these are residuals tha t sum to zero  over the fu ll sam ple. +  > * =  0

for t =  1........  7 — 1. It is also the rase that ,'Y  - 0 anti >',* =  0. Therefore .

r - i  r - i  r

t - i  f - i  i - i
It w ill prove convenient to  study

r - i  r - i  r - i r - i
53 = £ j 7‘ -  f l 'r* +  -  53 51 *7  -  / It r r f _ .
r - l  t - i  . - l r - . + i

S im ila rly .

r - i r r - i  r

.s’ * =  53(/ - 11 +  -  E 5 1 ( /  _ ' - 1" f ' r - '
f - i  f-r.* » -  | f -  « + I

A dding  yields

- E -  = 7' Z ' ' + -’ E , / ' - ' 1 51
f - l  f - i  t r l  f - t ^ l

D iv id in g  b o th  sides by / *  gives

E -  = / - , E r' + - 7" 1i ] i 1 -■'/ r ’ E
r = 1 r = I > = i r -  < j- l

which proves the  result □

T h is  result shows th a t the s ta tis tic  A is tw ice the K P S S  test s ta tis tic

[ - i y r  s -
» -  i  : '
h  s u n

T h e  d is tr ib u tio n  and  power for various a lternatives  have been w ide ly  studied in the lite ra tu re . 

K w ia tko w sk i et a l. ( 1992) show the consistency o f A for a u n it roo t. Lee and Schm idt 1199ti) 

find tha t A is consistent for 7|<7) processes where d  *= {0 . 1 /2 ) .  w hile  Lee and A m sler (1997) 

show that th is  also holds for / (< / I for d  (E ( 1 /2 .  1). A n d rew s  and P loberger (1994 ) show the 

consistency o f  a s ta tis tic  s im ila r to A (given in equation  ( l l . f i ) )  for a one tim e  s tru c tu ra l change.
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3 .2 .2  W e ig h te d  Averages o f L M  Tests

A m o re  general test based on the partia l sums can be w ritte n  as: 

s i ( t )

T h e  o bservation  th a t K { [ t { T  — =  a 1 for i . i .d .  y t m otivates  the statis tic

a v g L M  = T - 2yT  —  |3.**>

f = l

1 his s ta tis tic  is well know n in the lite ra tu re  on tes ting  for s truc tura l breaks. To  establish this  

p o in t, we use the fo llow ing  lem m a:

L e m m a  1 .  T l u  I . M  t t s t  f o r  t i n  ul tr r t m t i t  t y t =  / / q  +  '-t +  ”  t ■ ’i l t i i s  -:t i s  <i s h o r t  m u t t o n y  

p r o f t s s  i i t i t l  it i is it s t r i i r t u n i l  b r n i k  p n t r t  ss t h a t  t q t m l s  0  f o r  t £  [0.  ~ V) i i m l  i  f o r  t £  [ " /  . / ' ]  

( a s s u m i n g  o u t  b m t k  it I t i n i r  t / I. is y i n  n by

/. A / / . — i = — j— ,— r
I  T i l  — T ls  * | / I

Pr oo f .  The I .M  version o f the Andrews test requires only  the  fu ll-sam ple  ( IM M  es tim ate . I sing 

A n drew s ' n o ta tio n , the s ta tis tic  is given in e tp ia tio n  ( 1. l i  on page s:{ti o f Andrew s I I *.

I . M  /  t i t )  ^   rn [ ,  ( l i .  T } '  S' ” 1 \ /  ( \ / '  s‘ “  ‘ \ /  ) ' . \ / '  s  rrt T ,  [ b .  i t )  I I n )
T( 1 -  T|

w here n i i p i O .  i i  =  j :  "O H i . I. J >. anti w here i  anti 6  are the fu ll-sam ple  estim ates w ith

the 6 s l>eing fixed param eters (i.e . the ones th a t d o  not h a te  a s tructura l change! anti U ’, is 

the observed d a ta . Here, the estim ator ,s’ is a kernel e s tim a to r o f the spectral density m a trix  

at frequency zero o f t he sequence of random  variab les  { m( I t , .  Ti. J„ j : t <  I  \. I I  =  ( t 0 . 1 -  To] 

for 0 <  t 0  <  I .

1 r s  i i f i i ( l ( , . . T < ) i
M  =  — /  ------------    1.1.10)

1 t l

For no te m p o ra l dependence .s' is given by the fo llo w in g  equation .

( r
S  — — ( ” d H  i ■ T. <>) -  »«r )  ( " d  I I ; ■ T  <> i -  ttirj ( 1 . 1 1 i
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W ith  te m p o ra l dependence. is given by the  s ligh tly  m ore com plicated  form , 

r - i
.'s' = ^  h (u/HT))  (2. 12)

t- = 0  

1 r
* — ^m| I t ’, . j .  6) — n i j j  ^m( I t ’,

r - i / + 1

r-1
+  ^  u ( i '/Y |7 ') )

e = i  
I T

« j .  ( tn | l l ' , -1/. -Td) -  ” i r )  (mi l l ' , .  i d )  -  n i f )

r
y<

I - 1/+.1

where ic| i ' / f  ( 7 ')) is a kernel w ith  b an dw id th  t | 7 ) .

For the  s im p le  case o f a change in m ean under the null hypothesis o f no s tructura l break, 

the variab le  y, is generated by the sim ple m odel

J/r — /<n +  i r I — 1.  . 7 I . t . I .1 i

[ lie m om ent conditions evaluated at /n> w ill be

in 111/,. //„( = 7.'|»,) = /•'(;/, -  //„) = 0 (2. Mi

I he full sam ple  es tim ate  o f //„  w ill be

*  = ? £ ■t - 1

I bus the sam ple m om ent condition  w ill be

ml y , . /}) - V 11 ) -  !'. I y, -  f i t  = 0

T h is  yields

dm I i/f ./Vi <>/-.( y, - / / )
 —-------- ---- —----------- =  - 1  ( . i . l j i

(I ft i)ft

F urth erm o re , m /- =  0 by construction am i

1 l r f J  1
" V r  =  j .  ^  << =  ^ • s L’ - r j  ( 2 .  l t>)

r = l

where > [ T r j  i*  the c u m u la tiv e  sum o f from  1 to  the integer part o f x 7 \  D irect su b stitu tion  

o f equ atio n  ( 2 . 1 2 ) in to  equ atio n  (3 .1 0 ) y ields

1 ^ 1

a /  =  =  y a ~ T ]  = _ 1  i ;U 7 : i
i - i

2 1
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I f  there i.s no tem p o ra l dependence then .8 sim plifies to

f= i

For tem p o ra lly  dependent S  is given by

r r r
S  =  T ~ 1 i f  +  ' 2 T ~ 1 ^  ii 11>/ ( 17 ) j i i i , - ,  | 3. I 8 i

f - i  i - - i

I f  t c ( i / / ( j7 ' ) )  is taken to  be the B a rt le tt  kernel1, equation (3 .1 8 ) becomes the s ^ lf)  den om inato r 

of the K P S S  sta tis tic .

( la th e r in g  |3 .1 fi) . (3 .1 7 ). and ( 3 . l8 i  and substitu ting  in to  eq u atio n  (3 .9 ) we have

I.M r( " i = l ' ~ l  '"'[ w n  . ■ Ct-1‘»)
X( 1 -  T I .S * |  i  I

□

W e thus s«-e tha t the test given ill equation  i3 .x i is a w eighted average u f I.M  tests for a 

s tructu ra l break at an unknow n b reakpo in t. I his s tatistic , proposed by A ndrew s and I ’ loberger 

(199-1 i and given in Section 3.1 as |3 .t ii .  uses the notation  ./ ( ~ ) for the w eighting  on the I.M  

statistics. For the case o f an unknow n b reakpo in t, they recom m end a u n ifo rm  / ( x i  w eighting

on the I.M  statistics. I.e m m a  I shows that this corresponds to  [x | I — x i j - 1  w eighting  on the

S f  statistics.

W e can su m m arize  the difference between the K I ’SS test for a unit root and the Andrew s- 

I ’ loberger test for a s tru c tu ra l break as the difference between .7| x i  =  xl 1 — x i for x lietween 0 

and I and 7 (x )  =  I for x between x() and I — x0 . I his re la tionship  has l>een obliquely m entioned  

by A ndrew s et a l. ( 199f>) am ong others but is often overlooked in em p irica l app lications. We 

consider evidence on the d ifference between these tests la ter, but we note here tw o points. F irs t, 

a constant function  is a fa ir  a p p ro x im a tio n  o f x( 1 -  x) over the m id d le  o f the range between 

0 and I .  Second. A ndrew s and Ploberger tru ncate  the range o f x to  avoid  the endpoints 0 

am i I .  ( l iv e n  these tw o  observations, it would not be en tire ly  surpris ing  i f  the tw o  tests had 

s im ila r perform ances for various a lte rn a tives . O u r later results con firm  this conjecture.

J I  he N e w e v -W e s t  e s t im a to r  «»f th e  lo n g -ru n  v a r ia n c e  uses a  B a r t le t t  k e rn e l
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3.2 .3  N o n lin e a r Functions o f L M  Tests

Andrew s and P loberger (19 9 1 ) also propose ta k in g  a  w eighted average o f a m onotone non linear 

transfo rm ation  o f  th e  L M  sta tis tic .

[1 +  r ) ~ F/1 J exp  ̂ y / . A / r ( T ) j  i / 7 | t ) Cl.-.*!),
V - t i +  H  /

T h ey  present results concerning the o p tim a l choice o f r  for a  given size break. As c —> 0. this  

sta tis tic  approaches the t n y l . M  s ta tis tic  given in Kq. (.’$.8 ). and as c —► x .  it approaches the  

norm alized  t r p L A l  s ta t is tic . 4

f r p l . M  =  log J exp  ^ - / - M r l " ) ^  t in

T h e  new corresponding  v a ria tio n  on the n t y S  s ta tis tic  is

- l - r „
' ■t/iS — log J exp ^ -  /. M r  I " ( 1  -  t )< /- ( 1 1 . 2 2 1

Andrew s and P loberger note that replacing r / |  I +  r i  in  L<|. 115.211) w ith  a param eter r and

le tting  r  —> x  produces, in the lim it ,  the suprem um  o f the  I.M  statistics.

3.2 .4  S uprem um s o f L M  Tests

A lthough A ndrew s | 19915! o n h  considers un iform  w eights, there is nothing about suprem um - 

based tests th a t rules out a lte rn a tive  w eighting  schemes o f the form  s l ip  /. M r  | n i ./| x i . fh e  

Atulrews test can Im- w ritte n  as

sun / . M  =  sup ---------- -— -—  (.'5.21?i
# , € II T i l  -  T , ^ | / )

where I I  is an in te rv a l bounded away from  the e nd po in ts  o f [0. l j .  T h e  natu ra l counterpart to

the t t n j S  (K P S S ) and  t r p S  s tatistics uses . / I " )  =  x ( 1 — x) to produce

. >S “
sun.s =  sup * -  . (15.21!

t €[o i ]-s * I ' !

T h is  new test is th e  suprem um  analog o f the K P S S  test. It  puts more weight on tests for 

breaks that occur in the in te rio r o f the sam ple th a t the s u p L M  test.

1 A n d re w s  a n d  F ^ o b e rg e r  use th e  n o ta t io n  e r p L M  to  d e n o te  th e  g e n e ra l fo rm u la  w ith  r b e tw e e n  0  a n d  x .  

W e  a re  using  th e  n o ta t io n s  a v g L M  a n d  t x p L M  to  d e n o te  th o s e  tw it  l im it in g  rases .
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3.3 Critical Values

In  th is  section, we present an a n a ly tic  fo rm u la  for c ritica l values for s u p S  as well as critical 

values for e x p S  ca lcu la ted  by s im u la tio n . W e also add  the rase o f m u lt ip le  p ara m e te r changes 

>  1) to  a i y S .  T h is  generalizes the  K P S S  test in to  a test for s tru c tu ra l change.

Andrew s and P loberger 1199-1) give c ritic a l values for a i y L M  and t r p L M .  w hile  Andrews  

( 1993) gives c ritica l values for s u p L M .  K P S S  g ive c ritica l values for u i y >  w here /> =  I.  

I ’nder // i ) .  the asym p to tics  for a ll o f these tests are based on

.-’[*■/•] -k  t f i ( x )  -  x / i , |  1 )

where / T l x )  is s tandard  B row nian  m o tion . -s,[ r r ] -  then , converges to  a B row n ian  bridge. The 

d is trib u tio n s  for the s ta tis tics  are derived from

• '[ i r ]  ^  Q i<

where Q , |  x i is the square o f a B row nian  bridge. T h is  generalizes for the case o f /> param eters  

changing at t im e  x to

y r ix )  =  I H r i x ) -  x H v 1 1 1 / 1 H p | x i -  x Hr  11 ) i

where H r  | x i is a /^d im en s ion a l vector o f independent Brow nian m otions. Then t he dist ri but ion 

for I . M - test o f p  p aram ete r changes at t im e  ~ I '  is given b>

l . M r i  x i Q r I x i / 1 x| 1 -  x i) .

I he a sym p to tic  c ritic a l values for s u p S  =  sup .s*( 7 )/.•>*!/) can be derived a n a ly t ic a lh . 

The test s ta tis tic  is d is trib u te d  as

s u p S  — ► sup (?F(x )
* 6 ( 0  lj

' - ' I
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For the p — 1 case, we get a  p a rtic u la rly  s im ple ap p ro x im a tio n . P itm a n  and Y or (1 9 9 9 ) ' give

X .

P js u p  i i f / t r *  <  6 ) =  ( — 1 )n expl — ' ln 2b2)
r j -  -  X .

W e w ill use

P( sup. > 7 <  b) =  <i 2; 1 -  ' 2 f~ lh

where o is the desired significance level. T h e  asym p to tic  c ritica l values for sups' are given by 

(a p p ro x im a te ly )

b =  — -  ln m /'2 i 
2  '

For the case p >  1. K iefer ( 19591 provides the d is trib u tio n  o f sup Q r \ n .
[o 11

( ’r it ic a l \a llies  for the new tests are provided in fab les .1 . 1  .1 .1 . Ih e y  are calcu lated

using the  same procedure as Andrew s ( 1991) and Andrew s and Ploberger ( 199 t i. I he Valin’s

reported  in fables 1 . 1  .1 . 1  are  estim ates of the desired asym p to tic  c ritic a l values obtained  by

l i i  ap p ro x im a tin g  the d is trib u tio n  o f the integrals over [x(). I -  x0 ] in Ft|>. (1 .7 ) . ( 1 .2 2 ). am i 

11.5 ) by averages over a fine grid o f po ints I I ( .Y )  and l i i )  s im u la tin g  the resu ltan t averages In  

M o n te  ( a rlo . The grid I I I . V I  is defined by

I I ( .V i =  [To. 1 -  T o [u  {T  =  j / X  : j  =  0. . .Y f

T h e  value o f .V was chosen to  be l.tiOO. Fach rea lization  from  the a s y m p to tic  d is trib u tio n  o f  

the discretized version o f (1 .7 ) . 11 .2 2 ). or 11.1) was obta ined  by s im u la tin g  a p-vector /<,,( ' 

o f  independent B row nian m otions on [0.1] at the discrete points in I I ( .Y )  and then com pu tin g  

the d iscrete average o f the a p p ro p ria te  function  o f (P r (x )  -  * H p | 1)  i '|  H r  ( t )  — T p r ( l ) ) .  Ih e  

n um ber o f repetitions R  used was 10.000.

s (S e e  a ls o  B o ro ilin  a n d  S a lm in e n  ( 1‘JU ti). I h e ir  exp re ss io n  ( I ts.S . I ) d ir e c t ly  v ie |.|s

/ ' ( s u p  >7 / i t 3 <  6 ) =  Y 2  e x p l - . ’ ( i A | : fc2 ) -  e x p ( - . ’ ( . ’ A-+  1 )

* = - x

T he p r o o f  th a t  these tw o  e x p re s s io n  a re  e q u a l is a  s im p le  m a t te r  o f  n o t in g  th a t  th e  series  { n 3 } has th e  sam e  
e le m e n ts  as th e  u n io n  o f  th e  series { ( 2 k  J3 } a n i l  { (  2 k  -t- 1 )3 } . Kor eve n  m o d e ra te ly  la rg e  b, b o th  exp re ss io n s  a re  

d o m in a te d  b v  th e  th re e  m id d le  te rm s  in

• • • +  e x p ( - S 63 ) -  e x p l -  2b ’  ) +  1 -  ex p l -  2b1 ) +  e x p ( - 863 ) -  • • ■
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A lthough  o ur tests do not require  a tr im m in g  p aram ete r as in Andrew s and Ploberger. 

prio r knowledge o f the general location  o f break m ay be inco rp ora ted  by choosing a To as in 

th e ir tests. C r it ic a l values for a  several tru ncatio n  param eters are included for each value o f ;» 

for those researchers w ho are inc lined  to  use them .

3.4 Empirical P roperties

3.4.1 B reak S ens itiv ity

The differences between the tests are most clearly seen by e x am in in g  the im pact on each 

sta tis tic  o f a s tru c tu ra l change at a point ~ for each point in the sam ple, which we call 

a s tatis tic 's  "B reak S en s itiv ity" fun ctio n . Section discusses these functions for various 

statistics in greater d e ta il. F igure  3.1 presents the sta tis tic  Valin’s for a pure break at points t . 

norm alized  by d iv id in g  by the sam ple size for the six tests o f interest as well as a test we label 

A l l l l  I  for "<n/ lux- break test", fo r  this test, we apply a s tan dard  ( how test for a s truc tura l 

break at the m id po in t o f the sam ple. W e also consider m l  lux-  break tests for breaks at the  

2">th and 7.'>th percentages o f the sam ple.

W e can sum m arize  the lim ite d  differences am ong these tests as follows. I he m </V . ' T p S .  

anil sn/i.s' statistics are m o re sensitive to  breaks in the m id d le  o f the sam ple than  are the  

corresponding i m j l . A l .  > j r p l . M .  and  s u / i I . M  statistics, w hich are m ore sensitive to breaks 

near the endpoints. W e would expect more sensitivity in the  m id d le  to  be helpful in detecting  

sm all s tructura l changes tha t m ig h t only be detectable in the m id d le . Ih e  u t y l . M .  

and s u p /.A / tests should, on the o th er hand, be b etter at detec tin g  struc tura l change near the  

endpoints. T h is  could be im p o rta n t i f  the s tructura l breaks are fa ir ly  large because a ll tests 

w ill detect a break in the m id d le  o f the sam ple and picking up a  break near the endpoints w ill 

be an  advantage.

3.4 .2  Size

Tab les 3.-1 an il 3.o present the sizes o f the tests for various short m em ory processes tha t  

fall under the null hypothesis. Specifically, we consider s ta tion ary  A H 1 1) processes y y — 

t/t _ i  +  t , .  w ith  autoregressive p aram ete r o  ranging between 0 and  1. where t , ~  ,V |U . l i .  T he

2 0
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tables are the rejection  probabilities from  1000 rep lica tio n s  o f the D ( iP  for each value o f o. 

P articu lar a tte n tio n  is paid  to the m ore persistent values o f o by looking at several values 

to =  0 .9 0 .0 .9 5 .0  99 ) close to  1 .

O v e ra ll, the tests have significant size d is tortions for s ta tio n a ry  processes w ith  strong short- 

run dynam ics. T h is  can be counteracted fa irly  e ffec tive ly , p a rtic u la rly  in large sam ples, by 

using a b an d w id th  correction  in the es tim atio n  o f th e  lo n g -ru n  variance. For the 7'=t<00 case 

w ith  a b an d w id th  o f  f (1 2 ) .  only the most persistent series w here o = 0 .9 9  s till have poor size 

properties.

T h e  >' and  L M  tests perform  com parably , w ith  the  .S-tests having  less size d is to rtio n  than  

the / . A/^-tests but s ligh tly  more than the / . A /[-,-tests . W ith in  the >' and L M  testing  groups, 

the . I n /  tests have the least am ount o f size d is to rtio n . It is in teresting  to  note th a t the m l  

Inn- break test { A H  L I T  i has the least size d is to rtio n , a lth o u g h  it also has much lower power 

against the nonsta tio nary  case o f o = l .

3.4.3 Pow er

tables A.t) 1 1 show rejection p robabilities  for a lte rn a tiv e s  o f the form

l i t  =  < r - r  r ,

where i , ~  A (0 . <T* j and r ,  is one o f four forms:

Case 1: S tru c tu ra l Break

r ,  =  61, .  I, =  <
u i < - r  

I I >  7 T

6 =  1 . 7 t  [0 .

In  the tables. B rkP t refers to  7 .

Case 'J: C n ifo rm lv  D istribu ted  S tru c tu ra l Break

r ,  =  61,.  !, =  <
0 t <  7 7 ’

1 t >  7 T

In  the tables. BrkSize refers to 6 / a , . 

Case A: C n it Root

r, =  r ,_ ,  +  i t , .  it, ~  ,V |0 . fr*)
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In  the  tables. <r refers to  <ru/c r , .

Case 4: F rac tio na l Integration

( I  -  L ) d r,  =  u,  ~  ,Y (0 .< r„ )

T h e  d o m in a n t feature  o f these tables is th e  s im ila r ity  o f the  tests. O ne surprising result 

is th a t the  a d  lux-  break test which ignores a ll these enhancem ents does not fare as l>adly 

as one m ig h t expect. For exam ple, in T ab le  2. I .  the  A I I B T - , o  test rejects a unit root w ith  

<r=0.2  ab o u t 849? o f the tim e com pared to  969? o f  the  t im e  for the  K P S S /u c y S  test (w hich is 

specifically designed w ith  the unit root a lte rn a tiv e  in m in d ;.

W e can exp la in  som e o f the sm all differences th a t do  ex ist. Consider the K P S S /m  ;/.s' 

s ta tio n a rity  test, which uses . / ( x i  =  x( 1 -  x i .  and  the  A n drew s-P lo berger a i y l . M  s tructura l 

break test ( x() =  0 .0 2 ) . which uses .7 (x ) =  1. For both  s tru c tu ra l break a lternatives and unit 

root a lte rn a tive s , these tests are very nearly equ iva len t in power. T h e  sm all differences that 

occur reflect the w eighting. The KPSS test is m a rg in a ll}  b e tte r at detecting sm all structura l 

breaks and sm all un it roots because, w ith  m ore weight in the  m id d le  o f the sam ple period, the  

K P S S  test is a lit t le  m ore likely to detect a change in the m id d le  o f the sam ple. [lo th  tests 

are ineffective in d etecting  small changes near an en d p o in t.

This s itu a tio n  reverses for large breaks or s tron g  unit roots. A large break in the m iddle  

o f the sam ple  is like ly  to  be detected by e ith e r t e s t ,  and the a i y l . M  test has the advantage  

o f p u ttin g  g reater weight near the endpoints, m a k in g  it m ore effective in detecting  a break in 

tha t region. C o u q ia r in g  the a i y l . M  tests for x0  =  U 02 and  x0  =  0  l-l (given in the tables as 

a l . M >  and  a l . M  respectively) leads to  the sam e conclusion. T h e  larger truncation  param eter 

makes the test m ore effective for sm all breaks and  unit roots where is sm all and less

effective fo r large breaks and unit roots where <ru/rr , is large.

For a ll o f  these tests, increasing the b a n d w id th  o f  the lon g -run  variance estim ato r in the  

d en o m in a to r reduces the power o f the test. T h e  loss o f pow er is not p articu la rly  bad and  

becomes less severe as the sample size increases. Ih e  exception  is the A H B T . As noted in 

above, it suffers from  significant power reduction  when sho rt-ru n  dynam ics are taken in to  

account in  e s tim a tin g  the long-run variance.

C o m p ared  to  the A v y  tests, the E r p  and S u p  versions add a l itt le  power in the cases o f  

large s tru c tu ra l breaks, large unit roots, and fra c tio n a l in te g ra tio n . In p articu lar, the E r p
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versions o f the tests d o m in a te  the  others in term s o f pow er. In  the  few cases in which it is not 

the most pow erful (e.g . very sm all s tructura l breaks), its power is on ly  s ligh tly  less th an  that 

o f  the .-Iry -s ta tis tics .

3.5 Sum m ary and Conclusions

I f  you evaluate differences in  term s o f testing outcom es, then there is very litt le  p ractica l 

difference between s tru c tu ra l change and o ther forms o f n o n s ta tio n a rity  such as unit roots and  

frac tio n a l in teg ra tio n . T h e  Andrew s test for s truc tu ra l change { s u p I . M )  and the K P S S  test 

( a n j S )  are v ir tu a lly  id en tica l in the ir powers for both types o f a lte rn a tives . In fact, there are  

cases where the power o f the Andrews test is greater than  the power o f the  K P S S  test when  

the a lte rn a tiv e  is a unit ro o t, [h e re  are also cases where the power o f the K P S S  test is g reater 

than  the  power o f the A ndrew s test when the a lte rn a tive  is a s tru c tu ra l break.

\ \ e  decoinpose w hat sm a ll differences there are in to  tw o test a ttr ib u te s . W e show tha t t h e s e  

tests d iffer because the K P S S  test uses S -w eigh ting . which weights the squared partia l.' sums 

.s’* equally, w hile  the A ndrew s test uses [. A /w e ig h tin g , w hich kee[>s the significance level for 

each L M  test at o . T h ey  also d iffer because the K PS S test uses all average and the Andrew s  

test uses a suprem um . Follow ing  Andrews and P loberger. we add an exponentia l-average  

tran s fo rm atio n  that is in te rm e d ia te  between the average and the suprem um .

I here is v ir tu a lly  no difference between /. A /-w eig h ting . and .''-w eigh ting . F q u iv a le n th . 

there is v irtu a lly  no difference between the K PS S test and the A lld rew s-P lo berger a i y l . M  test.

I here is also ver\ l i t t le  p rac tica l difference Ivetween the Andrew s su/>/..W test for s tru c tu ra l 

breaks and the test we propose based on the .sups'. H ie  differences am ong the average, 

expo nentia l-average, and suprem um  tests are a litt le  bigger, but s till very sm all.

It is a bit m isleading, therefore, to iden tify  the A n drew s-P loberger a u j l . M  test as a test for 

s tru c tu ra l breaks and to  id e n tify  the K P S S  test as a test for n o n s ta tio n a rity  or. in p a rtic u la r, 

unit roots and frac tio n a l in te g ra tio n . T here  are certa in ly  no grounds for using any o f these 

tests to  d istinguish  between, for exam ple, s truc tura l change and frac tio n a l in teg ra tio n .
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T ab le  3.1: AvgS C r it ic a l Values

p =  I p =  2 p =  1 p =  4 M *<•

*o 1 0 % 5% 1 7 5% 1 % 5% 1% *% 1% 10% 5% 17,
0 .4 9 0 .6 9 0 .9 6 l 65 1.16 1.49 2-1H 1.5H 1 96 2.H5 1.9M 2.41 1. 17 2 .3 0 2.75 1.90
0.4H 0 .6 H 0 .95 1.61 1.14 I 47 2 . 1 0 1.55 1.91 2.HO 1.94 2.17 1 1 1 2 .2 6 2.71 1.76
0 .4 7 0 .6 7 0 .94 I.5H 1 . 1 1 1.47 2 .29 1.54 1.90 2.76 I 91 2  16 1.27 2 25 2 .6 M 1.75
0 .45 0 .6 7 0 .91 1.54 1 . 1 2 1.44 2 . 2 2 1.52 I.H 6 2.6H 1.90 2 . 1 2 1.24 2 . 2 1 2  6 . 1 1 .6 . 1

0 .4 0 0.64 O.HM 1.45 1.07 1.1H 2.09 1 46 1.77 2.51 1.H4 2  2 1 1 1 1 2 . 1 2 2 54 1.42
0 .15 0 .6 0 0 .H2 1.15 1 . 0 1 1 1 1 1.92 1 . 19 1.69 2.19 1.76 2 . 1 2 2 96 2.04 2 44 1 2 1

0 . 1 0 0 .56 0.7H 1.27 0  96 1.24 1 . H I 1.31 1.59 2 . 2 1 1 6 M 2 . 0 1 2.75 1.96 2 . 1 0 1.05
o r . 0 .52 0 .7 1 1 . 2 0 0.91 1.15 1.67 I 2 1 1.51 2 09 1 59 1.M9 2 56 1.H6 2.1H 2.H6
0 . 2 0 0 .4 9 0 .6 7 1 . 1 0 0.M5 l.OH 1.56 1.16 1.41 1.94 1.50 I 77 2.19 1.75 2.04 2 . 6 6

0 .15 0 .45 0.61 1 . 0 0 0 .7 9 0 .9 9 1.44 1.09 I .  11 1.79 1.40 1.64 2 2 0 1.64 1.90 2.47
0 . 1 0 0 .42 0 .57 0.91 0 .71 0.91 i n 1 .0 1 1 . 2 0 1.65 1.29 1 5 2 2 . 0 2 1 51 1.75 2 2 7
0 .0 5 0 . 1 H 0.51 0 .M2 0 .6 7 0.H4 1.19 0.92 1 . 1 0 151 1 . 1M 1 . 19 I .H I 1 .40 1.61 2 OH
0 . 0 2 0 .16 0.4M 0 .7 7 0 .6 . 1 0 .7 9 1 . 1 2 0.H7 1 . 0 1 1.42 1 1 2 1 11 1.71 1 . 1.1 1 5 2 I 96
0 . 0 0 0 .15 0 .4 7 0 .74 0.61 0 .76 l.OH 0.M4 0 .9 9 1. 17 1 OH 1 26 I 6 6 1.2H 1.46 I .MM

p =  6 P -  7 p =  H p -  9 p -  1 0
?,i 107, 5 7 1 7 1 0 % 5% 1 % 1 0 % 5% 1% 1 0 % 5% 1 % 1 0 % 5% 17,

0 .4 9 2 .6 * 1.17 4 .20 1.04 1.52 4 .70 1. 1H 1.90 5.06 1.6H 4 24 5 16 4 .0 6 4 61 5 H 1
0.4M 2 65 1.14 4.1 1 2 1.50 4 .59 1. 15 1.H6 4 1 6 6 4 19 5 2H 4 01 4.56 5.74
0  47 2.62 1 . 1 0 4 .OH 2.97 1.46 4.5 5 1. 11 1.H2 4 94 1 6  1 4 17 5.22 4 51 5.6M
0  4 5 2 .5M 1.05 1.9H 2 91 1 40 4 49 1.27 1.7H 4 H I 1.5H 4 1 0 5 1H 1.92 4 45 5.59
0 .4 0 2.49 2.91 1.7H 2.H2 1 2 5 4 20 1 16 1 64 4 5H 1 4 7 1 92 4 95 1.79 4.2H 5.25
0 .15 2 40 2.HO 1 . 6  1 2 .70 1.09 1.9H 1 0  1 1 49 4 17 1 14 1.77 4.74 1.65 4 1 1 5 OH
O. 1 0 2 2 ‘* 2.65 1. 16 2 5M 2.95 1.7H 2 'H ) 1 12 4 1 1 1.19 161 4 45 1.5 1 191 4. HO
0  25 2 . IK 2-52 1.17 2 45 2 HO 1 5 5 2.77 1 15 1 H9 1.04 141 4 20 1 15 1 70 4.49
0 . 2 0 2.06 2 . 16 2.96 2  11 2.61 1. 1 0 2 6  1 2.96 161 2 .M6 1 2 0 1 94 1 15 1.5 1 4.19
0.1 5 1 9  * 2 . 2 0 2.7H 2 . 1 H 2.45 1.06 2.46 2 77 1 16 2 6 H 14)0 1.67 1.2H 1.H9
0 . 1 0 1 .79 2 0 1 2 5 1 2  0 2 2 27 2 . H i 2 .2 M 2.56 1 . 1 2 2 50 2 79 1 17 2 74 1 04 1 5H
0 .05 1.64 1 K6 2 . 1 2 I.H 6 2. OH 2.56 2 09 2 15 2 M5 2 lO 2 56 1 lO 2 5 1 2 ~M 1.2H
0 . 0 2 1 56 1.76 2 1H 1 76 1 .9 - 2 41 I.9H 2  2 2 2 69 2 17 2 4 2 2 92 2 19 2 6  1 1. lO
0 . 0 0 I 50 1 69 2 1 0 I 69 l M9 2 . 12 1.90 2 14 2 59 2 09 2 11 2 HI 2 . U) 2 5 1 2 97

p -  11 p -  1 2 p -  1 1 p ~ 14 p -  15 
'T,, 1 0  % 57. i% 1 0 % 5% 17, 1 0 % ” .%■ 1% 1 0 % 5% 1 % lo % 1 %

0 .4 9 4 14 4.94 6  25 4.64 5 2 1 6 .5 9 5 0  1 5 6 6 6.96 5.26 5 92 7. 1- 5 6  1 6  11 7.7 1
0.4M 4 29 4-M7 6  1 1 4.59 5.16 6  50 4 <>6 5 59 6  M 5 5 20 5 H4 -  5 5 55 6  24 -  65
0  47 4 27 4.H4 6 . 1 0 4 56 5 12 6  44 4 91 5 5 5 6  n4 5 17 5 HI 7. 19 5 50 6 . IH 7 5 5
0  45 4 .20 I  76 5.99 4 50 5 05 6 . 1 1 4.H5 5 47 6  6 6 5.10 5 *1 7.07 5 4 5 6 .09 7.44
0  40 4 0 7 4.62 5.74 4 1H 4 92 6.04 4.71 5. 10 6  16 4.96 5 56 6  76 5 12 5.H9 *  09
0 .45 1 9 1 4.42 5 46 4 22 4 72 5 . 4 59 5 0 9 6 .07 4.77 5 17 6  45 5 1 5 5.69 6.74
0  10 1 7 m 4 21 5 16 4 05 4 51 5 51 4 40 4.HM 5.75 1 59 5 1 1 6 .16 1 94 5 4 I 6 .40
0 .25 1.60 4.00 4.M9 1.H7 4.27 5 22 4 20 4 6 2 5 45 4 1H 4 H6 5.M6 4.71 5 16 6  07
0 . 2 0 141 1.79 4 .56 1 67 4 04 4 H7 1.97 4 15 5 15 4 .16 4 60 5 49 4 47 4.H7 5 "1
0  15 1 2 0 1 54 4.24 1 44 1.79 4 .56 1.71 4 OH 4 79 191 4. 12 5.12 4 20 4 57 5 11

0 . 1 0 2 97 I 2 M 1 9 0 1 2 0 151 4 19 1 47 1 79 4 41 1 65 4 02 4 7o 1 92 4 26 4 91
0 .05 2.74 1 . 0 2 1.5H 2 95 1 2 2 l.H .l 1 . 2 0 1.47 4 01 I 17 1.69 4. 11 16 1 191 4 5 1
0 . 0 2 2 59 2 .M6 1.1H 2 79 1.05 1.62 1 . 0 1 1 2 M 1 M2 1.19 1.49 1.07 1 42 1 70 4.2H
0 . 0 0 2.49 2.75 1 2 5 2 .6 H 2.91 1.4H 2 91 1.16 1.67 1 06 1 16 1.91 1.29 1.56 4 12

P = P -  17 p =  1H p 3  19 p -  2 0

107, 57, 155 1 0 % 5% 195 1 0 % 57. 1% 1 0 % 5% 1 % 1 0 % 5% i TA
0 .4 9 5.96 6 .5 9 7.14 6 .2 6 6.9H M i l 6.5.1 7 .29 H.77 6.H7 7 .59 9 .1 6 7. IH 7.9M 9  47
0.4M 5.HH 6 .50 7 .77 6 . 2 1 6.H9 H. 14 6 .46 7 21 H.69 6 .HO 7 5 1 9.01 7 1 0 7 .90 9 17
0 .4 7 5.H4 6 .45 7.72 6 . 1H 6  H I H.09 6  41 7 .17 H.60 6 .76 7 .49 H.90 7 .0 7 7.H I 9.15
0 .4 5 5.76 6 .1 9 7.55 6 .OH 6  71 7.96 6.15 7.05 H.47 6 .6 M 7. 1H M.71 7.01 7 70 9 2 1

0 .4 0 5.61 6 . 17 7 .27 5.92 6  54 7.6H 6.15 6 . HO H. 20 6.4H 7 12 M.4 I 6  79 7.45 M. 79
0 .15 5.42 5.91 6 .96 5.74 6.2H 7.15 5.97 6 .5 6 7.H6 6 .29 6.H4 H.06 6 .5 7 7 21 H. 4 1
0 . 1 0 5.21 5.67 6 .65 5.5 1 6 . 0 2 7.02 5.75 6 .2 7 7 41 6 . 0 1 6 .5 9 7 74 6  1 2 6 .‘H) M.04
0 .25 4 .97 5.42 6 . 1 0 5.29 5.74 6 .61 5.4H 5.97 7.06 5. 7 6 .2 7 7. 11 6.0-5 6 .5 7 7 64
0 . 2 0 4.72 5. 12 5.92 5 01 5.11 6 . 1 0 5.20 5.66 6.64 5.46 5.9  1 6 . M 7 5.72 6  2 0 7.20
0 .1 5 4 44 4 .HO 5 51 4.71 5 10 5.M9 4.90 5. lO 6.1H 5 11 5.56 6 .4 0 5 .19 5 H I 6  71
0 . 1 0 4.1 1 4 .47 5.09 4. 1H 4.75 5.45 4.56 4.92 5.71 4 .79 5.16 5.9 1 5.01 5 19 6.24
0 .05 1 Ml 4.11 4.6H 4.04 4 17 5.00 4.20 4 .51 5.27 4.42 4 .76 5 44 4 .6 2 4 .97 5.74
0 . 0 2 1.61 1.H9 4 .45 1 .H2 4 .11 4.71 1.9H 4.2H 4.9H 4.1H 4 .50 5.14 4 IH 4 7 0 5 44
0 . 0 0 1.47 1.74 4.25 1.6 H 1.97 4.55 1 M l 4 .12 4.79 4.02 4. 1.1 4.94 4 .21 4 52 5 21
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Tab le  T 'J : Eip>' C r it ic a l Values

P =  I P = 2 p -  1 P = 4 p =  3
*o ID% 5% 1% 10% 5% 1 ^ 10% 5% i% lfi% TO 1% io% 5% 1%

0.4 9 1 79 2.35 3.69 2.73 3 .40 5 .1 * 3 .59 4.35 6 .12 4 16 5 23 7.15 5.02 3.90 8 .20
0 .4 * 1.79 2.35 3.69 2.74 1.43 5.15 1 .5* 4 32 6 .17 4 .36 5.24 7.17 5.02 5 .9 * 8 . 1 6

0 .4 7 1.81 2.35 3.65 2.76 3.43 5.12 3.61 4.35 6 .1 * 4 .40 5 29 7.19 5.04 5 .9 * 8 I *
0 .45 I . * 2 2.36 3.66 2.77 3 .4 * 5.14 3.64 4 36 6.24 4.45 5.32 7 24 5.07 6 .03 8.14
0 .4 0 1.X3 2 .37 3 65 2 .*2 3.52 5 21 3.67 4.44 6 .22 4 33 5.40 7.55 5 19 6 19 8 .0 *
0 .35 1 * 2 2 .3 * 3.75 2 * 3 3.53 5 .16 3 73 4.47 6 .27 4 37 5.43 7.47 5.27 6 .24 8.15
0 .3 0 1 * 0 2 .36 3.70 2 .*3 3.54 5 .17 1.73 4 44 6  1* 4 59 5 44 7.56 5.15 6 .2 6 8 .17
0 .2 5 1 .7 * 2 .33 3.77 2 .*3 1.54 5.1 1 3 72 4 46 6  20 4.62 5 49 7 45 3.42 6 25 8. 19
0 .2 0 1.75 2 .29 3.70 2 * 1 3.53 5.15 3.72 4 44 6 .2 * 4 .65 5.50 7 43 5 45 6 lO 8.2  1
0 .15 1.72 2 24 3 63 2 .7 * 3 4 * 5.04 3 .70 4.44 6.23 4 66 5 .4 * 7 17 5 .46 6 .2 7 8.1 1
0 .1 0 1 6 * 2 .20 1.57 2.74 1 43 5.04 1.65 4.40 6 .20 4 63 3 43 7 17 3 44 6 .2 7 8.14
0 .05 1 60 2.12 1.50 2 6 9 3.39 4 .99 1.60 4.35 6.12 4 57 3 42 7 .2 * 3.4 I 6 25 8 .07
0 .02 1.55 2 .0 * 3 44 2 64 1.35 4 96 1.5 5 4 31 6  03 4.54 5.40 7 25 5.17 6 .2 0 *  01
0 .0 0 1.52 2 04 1 40 2.60 1.31 4 .92 3.5 2 4.27 6 02 4.51 5 17 7.21 3 11 6 .1 * 7 97

p -  6 P “ - P = * P “ 9 p -  10
Tit 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 3% 1% 10% 5% 1%

0 49 5 7 * 6 .7 6 *  *4 6 .4 * 7 45 9 .75 7 20 * 2  1 10 5 * 7 * 0 1 1 1 2 8.52 9 67 12.01
0 .4 * 5 * 0 6 .7 9 *  *1 6 .5 0 7.53 9 .7 * 7 23 * 2 * 10 .5* *  * 9 8 9 * 1111 8 .56 9.71 12.19
0 .47 5 M2 6 *  1 * . * 4 6  57 7 .56 9  * 4 7 ’ 7 *  15 10 61 7 .0 * 9 04 I 1 .10 8 59 9 73 12 14
0 .45 5 •*) 6.M5 * . * 7 6 62 7.62 9. * 6 7. 13 8.4 5 10.70 8 01 9.1 1 1 1.23 8 75 9 .84 12.22
O 40 6.01 6 9 * * 9 7 6 .72 7 * 1 9 79 7 49 8.57 10 65 8 .16 9 19 I 1.46 8 9 1 10.01 12 11
0 .35 6 0 7 7 05 8.99 6 * 1 7.75 9  9 * * 61 8.70 10.74 8 27 9  J * 1 1.69 9 0 4 10.1 1 1 2 47
0 lO 6  12 7 02 *  99 6  * 9 7 79 9 9 * 7 71 8.8  1 lO 80 8 16 9 17 1 1 69 9 1 1 lO 19 t 2.49
0 25 6. 17 7 0 * 9 .00 6  91 7. * 6 10 02 7.78 8.87 10.9 1 8 41 9 45 1 1.72 9 1* 10.29 12 5 1
o 2 0 6.21 7 09 9 .02 6 . ‘16 7 92 1 0 0 6 7 .83 8 84 1 0 * 7 * 4 5 9 4 * 1 1 7 2 9 25 19 14 1 2. 56

6 .2  1 7 10 9  01 6 99 7.9  1 9 ‘Ml 7 .8 * * . * 2 lO *2 * 5 1 I 1 6 * 9 12 19 14 1 2 »*
0  10 6.22 7 12 9 01 6 97 7 94 9  9  1 7 .9 | 8 *4 10.76 8 52 1 1 64 9 14 10 19 12 36

6 20 7 0*1 *  97 6 96 7,‘X) 9 *4 7 * 7 8 *5 lO *1 8 3 2 9 61 1 I 5 * 9 12 10 16 12 50
0 .02 6 .17 7 0 5 *  94 6 .95 7 * 5 9 79 7 86 8.8 1 10 65 8 49 9 56 1 I 60 9 U) 19. 13 12.52
0 .0 0 6 .14 7 02 8 .90 6 9 ) ’ .Ml 9 76 *  8.1 8 *1 10 6 1 8 46 9 35 11 60 9 27 10 1 I 12.50

p -r 1 I P - 2 p =  13 P ~ 4 p -  15
T., lo% 5% i% 10% "5% " 1% 10% 5% 1% 10% 3% 1% 10% 3% 1%

0 4 0 oo*> lO lO 12 .*7 9  68 1 0 * 6 I 1.57 10.47 1 1.72 14 12 10 92 12.24 13.17 1 1 6 7 I 1 0  1 13 91
0 .4 * 9.14 10 ) ) 1 2 92 9. 77 10 ‘X) 11 62 10 4* 1 I . *2 1 I 46 I 1.01 12 .2 * 15 20 1171 1 1 1 4 1 5.91

9 .19 10.4 I 1 2.95 9  *5 10 ‘Mi I 1 77 10.54 1 1 * 9 14.52 1 1.09 12.42 13 21 I I 76 1 1 20 I 5.97
0.4  i 9  2 * 10.5 1 1 1 05 9 .9  1 1 1 1 0 1 1.74 10.64 1 1.99 14 47 11.17 12 60 15 17 I 1.9 1 1 1 )1 16. 12
0  40 9  49 10.70 1 1.47 10 10 I 1 17 1 1 * 5 10.97 12.26 14 74 1 1 46 I 2 .*6 15 41 12 29 I 1 6 2 16 22

9  65 1 0 *1 I * 55 10. 11 1 1 5 7 14 01 1 1 20 12 47 14 .8* 1 1 6  1 1 1.0! 15 69 12 50 I 1 79 1 6 .4 *
o w 9  77 10 90 1 1 55 1 0 .4 * I 1 72 14.25 I 1 14 12.58 15 01 1 1 78 1 1.1 1 I 5 .8 * 12 64 I 1 ‘KJ 16 37
0  25 9  * 6 10 9 * 1 15 1 10 60 1 1 7 * 14 14 I 1.48 12 61 15 08 1 1 93 1 1 2 5 13 .8* 12.77 1 1 99 16 67
0  20 9  9  1 1 1.0 2 I 1. 5 7 10.70 1 1 * 4 14 11 1 I 59 1 2 6 * 15 12 12.04 I 1 2 * 16.00 12.87 14.09 1 6 .-1
0  1 > 10.00 I 1 05 1 1.56 1 0 .7 - I 1 * 9 14.29 1 1 6 3 12.74 15 18 12 11 1 1 14 16 04 12.9 1 14.16 16.*4
0 .1 0 10.06 1 1 1 1 56 JO * 2 11.94 14 19 I 1.67 12.78 13 1* 12.21 1 1 19 16 0 | 12.‘Ml 14 19 16 72
0  05 10.07 1 1.09 1 1.52 10 .*2 11.91 14.11 1 1 .6 * 12.77 15. 12 12.24 1 )4 1 15.95 1 1 02 14 22 16.74

10.0*1 I I 07 13.49 10 .*4 I 1.90 14 0 * 1 1.69 12 73 15. 14 1 2 24 1 141 15 .9* 1 1.0 1 14.23 16 70
0 .0 0 1 0 0 6 1 1 0 4 13 .4 * 1 0 *1 1 1 * 9 14.05 1 1.66 1271 15 k) 12.24 I 1.38 15 97 12.‘Mi 14.22 16 69

p =  16 P -  I 7 p =  I * p ~  19 p ■= 20
10% 595 1% 10% 5% 1% 10% 5% " 1% 10% 5% 1% 10% 3 * 1%

0 .4 0 12 12 1 1.60 16.10 12.94 14.16 17 02 13.49 14.99 17 90 14.12 15.61 l * . 7 * 14.77 16. 15 19.42
0 4 * 12 .3 * 13.66 16.25 13.06 14.46 17.03 13.57 15.10 18.07 14.24 15.75 18.76 14.87 16.47 19,5 1
0  47 1 2 4 7 1 1 .7* 16.31 13.15 14.50 17 12 1 3 .6 * 15.16 18 11 14 34 I 5 .82 18.71 14 99 16.6 1 19.67
0 .45 12.59 13.94 16.52 13.31 14.61 17.26 1 3 .*7 15 29 18.33 14.50 15.95 18.79 15.19 16.75 19.09
0  40 12 90 1 4 .1 * 16.72 I 3.56 1 4 .*9 17.47 14.12 13.49 18.65 14 .*0 16.21 19.16 15.50 17 0 1 19.83
0  35 1 ) 1 2 14.39 16.92 13.76 15.09 17 .*2 14.39 15.76 18 .6* 15.06 16 44 19.21 15.75 1 7.26 20.19
0 .3 0 13 2 * 14.52 17 16 13 97 15.35 1 7 .9 * 14.53 15.99 18.*5 15.24 16 66 19.31 15 97 1 7.4 1 20.25
0 .25 13.40 14.73 1 7. 19 14.17 15.53 1 * 1 6 14.70 16.06 18.99 15.37 16.83 19.57 16.09 1 7 .5 * 20.44
0 .2 0 1 3 .4 * 1 4 .7 * 17.42 14.29 15.64 1 8 .2 * 14.84 16.20 19.03 15.57 16.94 19.82 16.23 1 7 .-0 20.50
0.1 5 13.55 1 4 .*0 17.43 14. 1* 15.72 I * . 3 1 14.94 16.27 19 09 15 .6 * 16.99 1 9 * 5 16. 10 17.79 20.64
0 .1 0 13.60 14. *6 17. 1* 14.41 15.77 I * . 32 15.06 16.37 19.02 15.77 17.16 19.80 16.41 17.79 20.65
0 .05 13 .6 * 14.91 17.34 14.45 1 5 .*0 18.42 15 12 16.41 18 .9 * 15.85 17.15 19.80 16.47 17.84 20.75
0.02 13.70 14.92 17.34 14-49 15.80 18.36 15.13 16.46 19.05 15.S * 17.15 19.80 16.52 17.82 20 72
0.00 13.69 14.90 17. 10 1 4 .4 * 15.77 18.3 1 15.13 16.44 19.06 15.89 17. 13 19.80 16 33 17.81 20 72
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Tab le  :$.3: SupS C r it ic a l Values

p r= 1 p =  2 P = * p =  4 P =  5
r„ T 0% 555 1% 10% 5% 1% 10% 5% t% ■»% i% 10% 5% " i%

0 .4 9 0 * 5 1.16 1 MM I. 16 1.74 2.67 I. * 3 2.24 3.19 2.24 2.72 171 2-5 * 1.07 4.21
0 4 * 0 .93 1.25 1.9* 1.47 I . * 6 2 -*0 1.94 2 3 5 3.14 2 .1 * 2 .*3 3 .*6 2.70 1.2 1 4 36
0 -47 1 00 1 3 1 2.07 I 54 1.96 2 .*7 2.01 2 42 3.50 2 47 2.94 3 9 * 2 .*1 1 14 4 44
0 .45 1.09 1-42 2.17 1 66 2 .07 2.99 2.14 2.56 3.64 2.61 3 .0 * 4.15 2.95 1.49 4 57
0 .4 0 1.24 1.60 2 .3 * 1 * 4 2.25 3 24 2.34 2.79 3 .*  1 2. * 3 3.32 4 53 3.21 1 74 4.77
0 .35 1 35 1.71 2.52 1 96 2. 16 3.32 2.45 2 .*9 3 .*9 2 9 4 3 42 4.61 3. 14 1 * 7 4.91
0 .3 0 1-42 1.76 2.57 2.03 2 44 3.37 2 53 2.95 3 .93 3.01 3.50 4 64 3.41 1.94 4.93
0 .25 1.45 1 .7 * 2.63 2.07 2 .4 * 3.40 2.56 2.99 1.97 3.05 3.53 4 66 3 45 1.95 4 96
0 .2 0 1 .4 * l.HO 2 6 5 2 0 * 2 .50 3.40 2 .5 * 1.01 1.9* 3.05 1.54 4 .66 3.47 3.97 5.00
0 .15 1.49 1 * 1 2.65 2.09 2 .50 1.40 2 59 101 1.9* 3 05 3.54 4 .66 1.47 1 97 5 00
0 .1 0 1 49 l . * l 2.65 2.09 2.50 3.40 2 59 1.01 1.9* 3 05 3.54 4 .66 1 47 1 97 5 00
0 .05 1 49 1 * 1 2.65 2 09 2 .50 3.40 2 5 9 1.01 1 .9 * 3.05 3.54 4 .66 1 47 3.97 5.00
0 .02 1 49 1 * 1 2 65 2 09 2 .50 1.40 2.59 3 01 1 .9 * 1 05 3 54 4 .66 3.47 1 97 5 00
0 .0 0 I 49 I . *1 2.65 2 09 2 .50 1.40 2.59 3.01 1 9 * 1 05 1 54 4 66 1 4 7 3.97 5.00

II * p -  7 p =  * p =  9 p 10
r„ 10% 5 * 1% 10% 5% 1% 10% 5% 1% 10% 5% 1% 10% 3% 1%

0.4 9 2 .9 * 1 49 4 59 1 15 l . * 7 5.10 1 74 4 .2 * 5 50 43)6 4 61 >.. . 4 42 5 01 6 26
0 .4 * 1 1 1 1 00 4 7 * 1 50 4.04 5.2 1 1 * 9 4 46 5 63 4 24 4 79 5 95 4 59 5 22 6 46
0  47 1 24 1.70 4 .7 * 1 62 4 .10 5 11 4 01 4.57 5 MO 4 15 4 92 6 .0 1 4 72 5 1 1 6 59
0  45 141 1.91 5 01 1 70 4 13 5 50 4 .1 * 4.77 5.97 4 54 5 12 6 .2 6 4 94 5 50 6 .7 *
0 .4 0 1 63 4. 16 5 20 4 04 4.55 5 .6 * 4 44 5 02 6 10 4 "9 5 16 6 .54 5 22 3 * 1 7 05
0  15 1 70 4 .29 5. 14 4. 17 4 .0 * 5. Ml 4 .5 * 5 14 6 2 1 4 91 5 47 6 .72 5 11 5 92 7 15
II 30 l.M> 4 14 5 19 4 24 4 7 1 5 MO 4 05 5 2 1 6  27 5.00 5.52 6 .75 5 40 5 97 7 1*
0  25 1 15 4 16 5 19 4 27 4 77 5. *6 4 67 5 26 6  12 5 0  1 5 5 I 6 .75 5.42 5 99 7.1*
0  20 3.M6 I  17 5 19 4 .2 * 4 .77 5 .*7 4 69 5 26 0 12 5 0  1 5 >4 6 75 5 42 6 .00 7 1*
0  15 1 HO 4 17 5 19 4 .2 * 4 .7 * 5. M 7 4.69 5 26 6. 12 5 0  1 5 54 6 75 3 42 6 .00 7 1*
O 10 l.HO 4 1~ 5 19 4 .2 * 4 .7 * 5 .*7 4 69 5 26 6  12 5 0 1 5 54 6  75 3 42 6 0 0 7 1*
0  05 1 MO 4 r 5 19 4 2 * 4 .7 * 5 * 7 4 69 5 26 0  12 > 0 1 5 54 6 7 5 5 4 2 6 IN) *  I *
0 0 2 1 MO 4 17 5 19 4 .2 * 4 7 * 5 * 7 4 69 5 26 6 12 5 0  1 5 5 4 6 .75 5 4 2 6 OO 7 IH
0  o o 1 MO 4 1~ 5 19 4 2 * 4 7 * 5 * 7 4 69 5 26 6 12 5 0  1 5 54 6 75 >42 6 OO '  I *

p =  11 p ^ 12 p ^ 1 1 p -  14 P -  15
w,, 10% 5% i % 10% >% 1% 10% ' 5% 1% 10% 5% 1% 10% >%" 1%

O 40 4 71 5 12 6 .70 5 0 1 5 05 7 04 5 41 6 0 * 7 44 5 65 6 14 7 M* 6 .0  3 6 75 *  2 1
0  4 * 4.M9 5 5 2 0 * 0 3 2 2 5 * 3 7 26 5 59 0 10 7 07 5 *7 6 .54 * .0 5 6 24 6.'>6 H |0
0  47 5 01 5 66 7 01 5 3" 5 •*> '  I * 5.72 6  42 7 79 6.00 6  74 * .  16 6 19 7.10 H 56
0  45 5 20 5 * 4 7.24 5 5 1 6 I * 7 50 5 92 0  62 7 95 6.2  2 t i .% *  1* 6 62 7. 11 *  "4
0  40 5.49 6  1 1 7 5 1 5 * 1 0 .5 0 7 MO 6 29 6  ‘>6 *  27 6  5 I 7 .27 * 6 4 6  95 7 6 3 9 O 1
0  15 5 o 5 0  25 7 07 5 .9 * 0 04 7 97 0 42 7 09 *  42 6 65 7 1* *-7 4 " lo 7 MO 9 21
U 10 5 72 O. lO 7 69 6 .05 6 .7 0 * .0 0 6 49 7 15 *  46 6  ’ 4 7 45 * 7 6 ~ 17 7 *6 9 21
0  25 5.74 6 11 7 "0 6 .0 * 6 71 *.00 6 51 7.16 * 4 0 6.76 7.47 *  7 * 7.19 " *7 9 21
0 .2 0 5.75 0  11 " 70 0 .0 * 0  71 H.OO 6 5 1 *  16 *  40 6  7" 7 47 * . " * 7 20 7 * 7 9 21
0.1 5 5.75 6  11 7 "0 6 .0 * 6.71 * .0 0 6 51 7 16 *  46 6. "7 7 47 M.7* 7 20 ” .*7 9 21
0  10 5.75 o n 7.70 6 .0 * 0 71 *  00 0  51 7.16 * 4 6 6  77 7 47 * . 7 * 7 20 7 .*7 9 2 1
0 05 >75 6 11 7.70 0 .0 * 6.71 * .0 0 6 51 '  16 * .4 6 6.77 7 47 * .7 * 7 20 7 .*7 9 21
0 .02 5. "5 0. 11 7.70 6 .0 * 0  71 *  00 6.51 7 16 M.46 6 .77 7 47 * .7 * 7.20 7 * 7 9.21
0  DO 5.75 0. n 7.70 6 .0 * 6.71 M.OO 6.5 1 7.16 * .4 0 6 .77 7 47 M .7* 7 20 7 * 7 9 21

p zr 10 p = 1 7 p -  1* p =  19 p = 20
fn 1055 5% 1% 10% 5% 1% 10% 1% 10% 5% 1% 10% 35T 1%

0 .4 9 0 .10 7 .03 * .  1M 6 .73 7 44 * . * 2 6 .97 . . .  5 9 .2 9 7 12 * 0 * 9 .6 9 7 66 *  44 10 03
0 .4 * 0 .57 7 .27 *  61 6.*>4 7 64 9 02 7 20 7.97 9 .5 7 7.5 1 * .3 0 9. * 9 7 .*9 *.7 1 10.2*
0 .47 6 .70 7 4 1 * 7 9 7.07 7 .79 9 .14 7 35 * 1 2 9.74 7.69 * 5 0 10.01 * .0 6 * 9 0 10.47
0 .45 6.92 7.65 * 9 9 7. 13 7 .9 * 9  4 1 7.60 * .3 7 9 .93 7.92 * .7 1 1 0 .1 * * 2 9 9 10 10.72
0 .4 0 7.2S 7 .96 9. 12 7 59 * .3 2 9 .77 7.92 * .6 2 10 20 * .2 5 9 03 10.49 * .6 2 9 42 10. * 9
0.35 7.4 1 * .  1 1 9  40 7.75 * 4 6 9 *5 M.O* * .7 * 10.27 * 4 2 9 .17 10.63 * .7 9 9.57 1 1.05
0 .3 0 7.51 * 1 6 9.46 7.M l * .5 2 9 .* 7 * 1 4 * .* 3 10. 11 * .4 * 9 .2 3 10.65 * . * 4 9 60 11.11
0 .25 7.5 2 * .1 7 9 .47 7.M5 * .5 5 9 * 7 * .1 6 M.M4 10.34 * 5 0 9 .25 1 0 .6 * M.M6 9.62 1111
0 .2 0 7.52 H.17 9 .47 7 .*6 * .5 5 9 .* 7 * .1 6 M.M4 10.34 * .5 0 9 .25 1 0 .6 * M.M6 9 62 11 11
0 .15 7,52 *  17 9 .47 7 .*6 * ,5 5 9 ,*7 M.16 * .* 4 10.34 * .5 0 9 25 1 0 .6 * M,*6 9.62 11.11
0 .1 0 7.52 * .1 7 9 .47 7 .*6 * .5 5 9 * 7 * .1 6 *.M4 10.34 * 5 0 9 .25 1 0 .6 * M.M6 9 62 11.11
0 .05 7.5 2 * .1 7 9 .47 7 .*6 * 5 5 9 .* 7 * .1 6 *.M4 10.34 * 5 0 9 .25 1 0 .6 * * . * 6 9.62 l l . i l
0 .02 7 52 * .  17 9  |7 7.MO * 5 5 9 .*7 * 1 6 * .* 4 10 34 * .5 0 9 .25 1 0 .6 * *.M6 9.62 11.11
0 .0 0 7.52 * .1 7 9 .47 7.MO * .5 5 9 .* 7 * .  16 M.M4 10 34 *  50 9 .25 10 6 * M.M6 9 62 11.11
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Table 3.-1: Size and Power: A R |1 )  Models. T = ‘J00

B a n d w i d t h  =  f ( 0 )
0 » v r S ex p S supS a L M 2 •■LM * s L M a a L M u r L \ l I5 s L M is a h *s a h  50 a h ;s

0 .0 0 0 .0 5 6 0 .0 5 6 0 .0 4 5 0 .0 5 5 0 .0 5 5 0 .0 4 4 0 .0 5 4 0 .0 5 5 0 .0 4 2 0 .0 5 1 0 .0 5 6 0 .0 5 4
0 .1 0 0 .0 7 3 0 .0 8 2 0 .0 7 8 0 .0 7 5 0 .0 8 5 0 .0 7 2 0 .0 7 4 0 .0 8 3 0 .0 7 6 0 .0 6 7 0 .0 6 4 0 .0 8 4
o.so 0.3 .35 0 .4 9 7 0  43 2 0 .3 7 7 0 .5 1 2 0 .4 8 9 0 .3 3 2 0 .4 4 2 0  4 4 7 0 .2 5 7 0 .2 6 2 0 .2 4 7
OHO 0 .H 1 0 0 .9 4 1 0 .9 0 9 0 .8 6 5 0 .9 4 2 0  9 2 3 0 .7 9 6 0 .8 9 8 0 .9 0 8 0 .4 9 4 0 .5 4 2 0 .4 9 6
OHS 0  9 0 0 0  9 7 2 0 .9 5 8 0 .9 3 8 0 .9 7 4 0 .9 7 0 0 .8 8 6 0 .9 4 8 0  9 5 4 0 .5 5 5 0 .5 5 1 0 .5 9 6
0 .0 0 0 .9 7 3 0 .9 9 3 0 .9 8 5 0 .9 8 4 0 .9 9 3 0 .9 9 0 0 .9 6 8 0 .9 8 3 0 .9 8 7 0.6.33 0 .6 6 0 0 .6 5 5
0 .0 5 0  9 9 2 0 .9 9 8 0 .9 9 7 0 .9 9 6 0 .9 9 8 0 .9 9 7 0 .9 8 9 0 .9 9 7 0 .9 9 7 0 .7 1 5 0 .7 6 3 0 .7 4 9
0 .0 9 1 .0 0 0 1.0 0 0 1 .000 1 .000 1.0 0 0 1 .0 0 0 0 .9 9 9 1 .000 1.0 0 0 0 .8 0 7 0 .8 7 4 0  8 3 5  ;
1 .00 1.0 0 0 1 .0 0 0 1 .000 1 .0 0 0 1 .0 0 0 1 .0 0 0 1 .0 0 0 1 .000 1.0 0 0 0 .8 8 8 0 .9 0 5 0 .8 9 3

B a n d w id t h  ~  Z (-l)
0 a v KS <»xpS ft upS a L M * r L M * s L M a a L M is ' L M | * s L M .S a h *s ah  so ah  7 5

0 .0 0 0 .0 3 5 0 .0 3 7 0 .0 2 6 0  0 3 5 0 .0 3 5 0 .0 2 6 0 .0 .3 8 0 .0 3 6 0 .0 2 4 0 .0 5 0 0 .0 4 1 0 .0 3 2
0 .1 0 0 .0 4 5 0 .0 4 3 0 .0 3 5 0  0 4 7 0 .0 4 1 0 .0 2 8 0 .0 5 1 0 .0 3 9 0 .0 3 3 0 0 5 1 0 .0 4 5 0 .0 6 1
0 .5 0 0 .0 8 5 0 .0 8 5 0 .0 7 2 0  0 7 8 0 .0 8 2 0 .0 4 3 0 .0 8 4 0 .0 8 6 0 .0 5 8 0 .0 8 2 0  08-1 0 .0 8 4
0  80 0  2 17 0 .2 8 0 0  222 0 .2 2 5 0 .2 6 5 0 .1 6 9 0 .2 3 1 0 .2 7 7 0 .2 1 9 0 .171 0 .1 9 6 0  2 13
0  85 0 .3 1 2 0 .3 9 1 0 .3 1 4 0 .3 1 7 0 .3 7 1 0  2 64 0 .3 1 8 0 .3 8 5 0  136 0  22 9 0 .2 1 1 0 .2 5 4
0 .9 0 0 .1 3 7 0 .5 2 8 0 .4 4 3 0 .4 5 0 0 .5 2 3 0 .3 8 8 0 .4 5 0 0 .5 1 8 0  164 0 .3 0 7 0  ..136 0  109
0 .9 5 0 .6 4  i 0  7 38 0 .6 4 6 0  6 6 5 0 .7 3 0 0  62 1 0 .6 4 9 0 .7 2 4 0 .6 8 2 0 .3 8 0 0 .4 9 2 0 .1 5 6
0 .9 9 0  8 6 3 0 .9 0 5 0  842 0  8 8 9 0  9 1 5 0 .8 4 0 0 .8 6 5 0 .891 0 .8 6 6 0 .5 6 8 0  6 7 5 0 .6 0 2
I 0 0 0 .9 3 2 0 .9 5 3 0 .9 1 3 0 .9 4 0 0 .9 5 4 0  9 0 9 0 .9 2 8 0 .9 1 5 0 .9 2 1 0 .7 2 1 0 .7 9 4 0  731

B a n d w i« ith  =  t [  1 Z)
c> a v * S **xpS M lpS a l A I * - L M * nI . M 3 a L .M i s - L M , S ftl .M  i .s ahj.s ah  s ) ah rs

0  00 0  0.16 0 .0 1 9 0  014 0  0  io 0 .0 1 8 0 0 2 3 0  0 3 9 0  0 2 0 0  0 1 5 0  0 5 0 0 .0  19 0 .0 5 1
0  10 0  0 3 1 0 .0 2 6 0  0 1 " 0  031 0 0 2 2 0 .0 2 1 0  0 3 5 0 .0 2 2 0 .0 1 2 0 .0 5 0 0  0 1 6 0  0 1 2
0 .5 0 0 .0 5 5 0 .0 3 6 0 .0 3 5 0  0 4 9 0 .0 3 2 0 .0 1 0 0 .0 5 9 o.o  r 0  0 1 7 O 0 5 6 0 .0 6 2 0  0 6 9
0  so 0  0 7 6 0 .0 7 2 0 .0 4 3 0 .0 7 0 0 .0 5 1 0 0 0 9 0 .0 8 5 0 .0 7 5 0 .0 2 2 0  0 6 2 0 .0 8 6 0 .1 0 7
0  85 0  1 24 0 .0 9 8 0.0-17 0 .1 0 2 0  0 7 3 0  0 1 2 0  I to o u t 0 .0 3 2 I I I  16 0.1  I I 0  128
0  ‘ KJ 0 .1 1 4 0  153 0 .0 8 6 O 126 0 1 23 0  0 1 7 0  1 55 0  [6 5 0  0 5 2 0  118 0 .1 5 5 0  1 50
0 .9 5 0  295 0 .2 9 7 0 .2 0 2 0 .2 5 7 0 .2 6 1 0 .0 5 7 0  108 0 .3 1 4 0 .1 5 2 0 . I'M) 0 .2 7 6 O 2 2 0
0 . ‘J9 0 .5 4 8 0  5 86 0 .4 4 2 0  543 0  56 3 0 .2 f i8 0 .5 5 8 0  587 0  101 0..1. Vi O 1,81 0  4 1 0
; .oo 0  72 8 0  7 60 0  63 2 0 .7 3 6 0 .7 5 7 0 .4 6 2 0 .7 ( 2 0 .7 6 9 0  6 4 8 0 . 5 | i l 0 .6 4 8 0 .5  48
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Table 3.o: Size and Power: A R (1 ) M odels. T = 8 0 0

B a n d w i d t h  =  f ( 0 )

o av*S pxpS supS aLMj rLM2 slA!2 aLMjs <dA!l5 <IA!IS ah25 ah.\o ahrs
0.00 0.052 0.054 0.040 0.055 0.054 0.051 0 054 0.05* 0.051 0.051 0.051 0.057
0.10 0.0rt8 0.07* 0 079 o.o*:* 0 071 0.072 0.0** 0.071 0.075 0.0*1 0.070 0.0*7
0.50 0 *54 0. 5*3 0.530 0 411 0.572 0*42 0.351 0.479 0.533 0.258 0.255 0.27*
0.80 0.8*4 0.07* 0.0*0 0.939 0.982 0.98* 0.809 0 934 0.955 0.529 0.524 0.51 1
0.85 0.038 0.095 0.979 0.971 0.095 0.095 0.908 0.970 0.980 0.582 0.580 0.5*8
0.00 0.085 1.000 0.999 0.994 1.000 1.000 0.9** 0.993 0.995 0.**1 0*81 0.*M
0.05 1 000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.7*7 0. 7*5 0.782
0.00 I 000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 0.881 0.S94 0.894
1.00 1.000 I 000 1.000 1 .000 1.000 1.000 1 000 1 000 1.000 0.95“ 0.052 0.0*8

B a n d w id th  -  f { 4 )

<S a v *S «*xpS supS a l A I 2 ^ l m 2 n L M 2 a L M is < " IA !IS s L M 15 a h 25 a h  so a h  7 j  1

0.00 0  0 5 3 0 .0 5 5 0 .0 5 0 0 .0 5 7 0 .0 5 5 0 .0 4 5 0  0 5 7 0 .0 5 2 0 .041 0 .0 4 9 0  0 5 9 0 .0 5 5  1
0.10 0 .051 0 .0 5 1 0 .0 5 2 0  0 4 7 0 .0 4 9 0 .0 3 8 0  0 5 9 0 .0 5 0 0 .0 4 2 0 .0 5 * 0  0 5 * 0 .0 4 9
0 .5 0 0 .0 8 2 0 .0 9 3 0 .0 8 2 0 0 8 * 0 0 9 9 0 .0 8 4 0 0 8 2 0.0*50 0 0 85 0.10*3 0 .0 * 9 0 .0 8 2
0 8 0 0 .1 8 4 0 .2 5 2 0  205 0 .1 9 8 0  25 0 0 .2 2 3 0 .1 8 9 0 2 28 0 .2 2 5 0 .1 5 3 0 .1 4 7 0 . 1 4 *
0  85 0 .2* * 0 .3 7 5 0.3 .53 0 .2 8 5 o .:* s o 0 .3 4 5 0 .2* :* 0  3. *8 0 .3 4  2 0 210 0 .2 1 9 0.202 |
0 9 0 0 .371 0 .5 1 4 0  4 3 2 0 108 0 .5 2 8 0 .4 9 1 0 .3 7 0 0 .4 * 5 0 .4 5 4 0 .2 7 0 0  2 *3 0 .2 7 3  1
0 .0 5 0 * 2 8 0 .7 0 3 0 “ 22 0 * 9 5 0.7<>9 0 .7 5 2 0  * 1 4 0 .7 4 0 0 728 0..581 o . u i 0 .4 3 0  j
0  9 9 0 .9 5 9 0 .9 8 9 0 971 0 .9 7 4 02892 0 .9 7 5 0  9 5 0 0  9 7 7 0 .9 7 7 0  * 5 2 0 “0 8 0 .7 0 2  |
1 00 0  994 0 .9 9 9 0  9 9 7 0  9 9 7 0 .‘XX) O .W " 0 2 *9 3 0 . ')9 7 0 9«>* 0  8 3 9 0 .8 * 4 0 .8 .3 5  |

B a n d w id t h  -  / ( 1 2 )

O avfcS **xpS M Ip S a ! A ! 3 ♦ 4 A 1 : h! A 1 2 a l A t  i s - I  A t , , d A l t% a h 2r. ah .v i a h  7%
0 .0 0 0  0 3 9 0 .0 4 1 0  0 3 3 0  0 4 0 0 0 3 7 0  0  12 0 .0 4 3 0  031 0 0 3 5 0  041 0  05 5 0 0 -1 3
0  10 0 .0 5 7 0 .0 5 2 0  0 4 3 0 0 5 7 0  0 4 8 0 0 4 5 0 0 5 5 0  0 5 0 0 .0 4 0 0 0 5 * 0 .0 *1 0  0 * 3
0  50 0  0 4 9 0 0 5 1 0  0 4  1 0 .0 5 0 0 0 4 * 0 .0 4 5 0  0 5 2 0 .0 4 8 0 0 3 4 0  0 4 5 0 0 5 “ 0  0 5 3

0  s o 0  081 0 0 8 5 0 0 * 8 0 .0 7  * 0  J X i* 0 0 4 3 0 .0 8 0 0 0 8 3 0 0 5 9 0  0 7 5 0 . 0 * * 0 .0 7 0
0  85 0  101 0 .1 0 8 0  102 0 .0 9 7 0 ,1 0 1 0 . 0 * 5 0  104 0  102 (J 0 8 0 0 .0 8 5 0 .1 0 5 0 .0 8 4
0 /X ) 0  144 0 .1 7 2 0  1 2 * 0  1 14 0  1 *3 0 . 1 0 * 0 .1 4 4 0 . 1 * * 0  I 13 0  121 0.1  43 0  1 I t
0  95 U. 2**0 0  3 1 8 0 .2 7 0 0  2 * 5 0  31 2 0 .2  1* 0  2 *1 0 . t o * 0 2 *5 O I'M ) 0 .221 0 .2 2 0
0  '*9 o  “ 2 “ 0 .8 0 * 0 .7 2 2 0  7 54 0 .8 0 3 0 .7 0 1 0  7 39 0 .8 0 0 0 7 1 * 0  1*1 0 .5 2 * 0 .5 0 5

1 (X) 0.9.39 0 .9 7 1 0  931 0 .9 5 8 0 .9 7 1 0  9 3 * 0 .9 3 9 0 .« H i* 0  9 4 7 0  7 2 * 0  780 0  “ 29

:v\
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T ab le  3.6: Power: T = ‘200. B a n d w id th = f(0 )

U n ifo r m ly  D is t r ib u t e d  S t r u c t u r a l  D reak

ftrkSixe avgS expS supS aL.Mj e l \ { 3 aL.M,, eLM,* sL\l,% ah^ ah v) ah*«v
0.1 0.069 0.062 0.064 0.068 0.059 0 043 0.070 0.066 0.049 0.062 0.071 0.073
0.2 0.1 SO 0.146 0.133 0.147 0.143 0.100 0.154 0.146 0.116 0.115 0.140 0.097
0.5 0.562 0.618 0.571 0.575 0.60? 0.535 0.572 0.606 0.573 0.402 0.454 0.362
1.0 0.836 0.889 0.830 0.865 0.909 0.910 0.82? 0.848 0.845 0.660 0.728 0.675
2 0 0.914 0.962 0.919 0.940 0.969 0.972 0.905 0.920 0.919 0.814 0.855 0.812
5.0 0.9? 1 0.996 0.972 0.980 0.990 0993 0.965 0.972 0.970 0 910 0.937 0.894

U n it  R o o t

n avgS expS »upS aLMj r 'Q f j *LM j aT5<tV uLM ,. ah ahv> ah-«,
0.01 0.099 0.100 0.093 0.093 0.094 0.062 0.102 0.099 0.075 0.075 0 091 0 074
0 02 0.259 0.265 0.238 0.254 0.249 0.194 0.261 0.259 0.21? 0.171 0.222 0 178
0.05 0.607 0.634 0.617 0.619 0.630 0.572 0616 0.628 0.598 0.481 0 520 0 461
0.10 0.848 0.878 0.853 0.865 0.882 0.85? 0.843 0.862 0.861 0.684 0.705 0.653
0.20 0.961 0.974 0.960 0.968 0.978 0.973 0.957 0.968 0.965 0.793 0.8.35 0 795
0.50 0.996 0.997 0.996 0.997 0.998 0.998 0.994 0 995 0.‘>96 0.852 0 877 0.855

F r a c tio n a l I n te g r a t io n

d avgS *XpS tup.S <*LM , i i S i j a L M ts eLNf,, * L M  j s ah ahv» ah-^
0.25 0 .5 7 9 0 .6 8  7 0 .65  1 0 .612 0 .705 0 .6 6 8 0  587 0 .6 4 7 0  654 0 .3 8 9 0 .416 0  188
0 50 0 .9 3 9 0 .9 8 3 0 .9 6 7 0.961 0.98.3 0.981 0 .9 3 5 0 .965 0 .964 0 .703 0 721 0  657
0 75 0  99 5 0 .9 9 8 0  99 7 0.99? 0 99 9 0  9 9 9 0 .9 9 2 0 .9 9 7 0 99 7 O KI I 0 .854 0 .8  30
1.00 1.000 1.000 1.000 1 000 1.000 1.000 0 .9* >8 1 OOO 1.000 0  898 0 .90? 0.881

S t r u c t u r a l  D rea k

H rk P t a * *S ^xpS *upS a l .M . **l M . » L M . a l .M  j * e l .M n ah.-s ah vi ah ^
o 1 0 .1 6 9 0  243 0 .125 0 .223 0 .2 7 9 0  252 0  161 O 177 O 166 0 20 I 0 098 0 .055
0 2 0 .5 2 0 0 .6 1 7 0  501 0 .565 0 6 09 0  5 t 5 0 .5 5 2 0 624 0  59 I 0 .700 0 . iOO o. I 28
0 3 0  746 0 .7 7 4 0  746 0 739 0 .75  1 0  66 2 0 .7 5 9 0 .7 7 7 0  736 0  799 0 .54  I 0 .2 0 8
0  4 0  842 0 .8 4 2 0  8.36 0 82 I 0 816 0 .7 2 9 0 .8  19 0 .8 3 7 0 * 9 5 0 646 0 .782 0 177
0 5 0 87 0 0 .8 6 8 0 .8 6 9 0 .847 0 .838 0  75 1 0 .8 6 ? 0  864 O 808 0 .479 0 944 0 509
0.6 0 .8 5 8 0 .8 6 0 0 .8 6 4 0 .842 0 83? 0 .7 6 3 0 .8 6 2 0 .86  2 0 .8 2 7 (). 173 0 .824 0 .6 7 0
0 .7 0 .7 2 5 0 .7 5 8 0 .7 2 7 0 .727 0 .7 3 7 0  66 3 0 .741 0  762 O 72 I 0.2  I " 0 540 0 796
0.8 0 529 0 .5 9 4 0 .4 8 0 0 .560 0 .587 0  5 10 0 .5 4 3 0  61 1 0 .5 8 6 0 . 1 26 0 .285 0 659
0 9 0.181 0  267 0 .1 4 0 0 240 0 127 O 299 0 .1 7  1 0 20 ! O I 98 03)66 0.0* »8 0.2  19
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T ab le  3.7: Power: T = 2 0 0 . B a n d w id th = f(4 )

U n if o r m ly  D is tr ib u t e d  S tr u c tu r a l B reak

B rkS ize av*S expS supS a L \ t 2 e L M j a L  M ; * e L M . , s U T , * ah j* ah vi ah -*
0.1 0 .064 0 .058 0 .054 0 .0 6 2 0 .055 0 .032 0 .064 0 .056 0 .0 4 2 0 .0 5 6 0 .068 0 .060
0.2 0 .1 1 8 0.128 0  09 8 0 .1 2 3 0 .1 1 3 0 .074 0 .1 2 3 0 .122 0 .0 9 8 0  115 0 .1 0 9 0 .103
o.s 0 .534 0 .563 0.521 0 .5 4 1 0 .541 0 .444 0 .5 4 0 0 .5 5 9 0  507 0. 136 0 .4 3 9 0  349
1.0 0 .795 0 .872 0 .788 0 .8 4 0 0 .882 0.891 0.781 0 .825 0 .8 3  I 0 .5 8 7 0 .644 0 571
2.0 0 .897 0 .953 0  88 0 0 .9 2 5 0 .965 0 .9 7 0 0 .8 7 8 0 .898 0 .9 0 3 0  716 0 .778 0.712
5.0 0 .9 3 3 0.994 0 .914 0 .9 7 3 0 .9 8 9 0 .9 8 9 0 .917 0 .933 0 .931 0  742 0 822 *9.755

U u it  R o o t

rr av*S f tp s supS a L U , r L S l j a L M , * e L M  \ * s L M ,* ah.-* ah *n a h -*
0 .01 0 .077 0 .073 0 .054 0 .0 7 1 0 .0 6 4 0 .0 4 9 0 .082 0 .075 0 0 5 3 0 .064 0.081 0 .078

0 .02 0 .2 3 8 0 .239 0 212 0 .2 4 2 0 .225 0 .159 0 .245 0.242 0 .1 9 3 0 .154 0 .212 0.164
0 .05 0 568 0 .590 0 538 0  577 0 .5 9 2 0 .503 0 .5 6 6 0 .580 0  551 0 .405 0 480 0 412
0  10 0.771 0.808 0 .768 0 .7 8 7 0 .805 0 .753 0 .774 0 .799 0  782 0 .5 7 7 0 .6 5 6 0 603
0  20 0  886 0 .919 0 .877 0 .9 0 6 0 .924 0 .8 9 0 0 .8 8 6 0  913 0  9 0 0 0  719 0 .734 0 680
0 .50 0 9 4 5 0.973 0 .929 0 .9 5 4 0 .9 7 3 0  940 0 .9 4 7 0.966 0 .9 4 9 0 .723 0 .7 7 “ 0 .725

F r a c tio n a l I n te g r a t io n

d av*S rxpS supS al.N l,! e l.S l.. iL N l ; a l .N l , , e l .M , * s l .M , * ah  j* ah*., a h -*
0 .23 0  302 0 353 0. *09 0  308 0 .3 4 8 0.271 0. *13 0 348 0 * 1 * 0 .242 0 267 0.2 18
0 .50 0 .652 0.737 0 .650 0 .6 9 6 0 .7 4 0 0 .633 0 .6 6 6 0 .726 0  6 7 5 0 .444 0 518 0 464
0 .75 0 848 0 .907 0 845 0 .871 0 .9 0 8 0.854 0 .845 O .K% 0 8 6 3 0  608 0 .666 0 .643
1.00 0  946 0.970 0 .934 0  96 0 0 .972 0 .929 0 .943 0 .965 O 9 44 0 .726 n 773 0 724

S tr u c tu r a l B reak

K rk P i »v*S *xpS supS a l . M j e l A l j s l.M  j a l . M j * e l .M ,* s l .M ; * ah  j* ah *.< ah -*
o. 1 0 146 0.216 0 .093 0 .1 9 3 0  248 0  204 0. 35 0 .152 0  1 4 * O 198 0.081) 0 D 46

0 2 0 .485 0 .548 0 4 1 2 0 .5 2  i 0 .5  17 0  426 0 503 0.566 0 .5 2 8 O 64 9 0 256 0 086
0.1 0 .728 0 747 0 .718 0 .7 2 0 0 .7 2 5 0 .582 0 .745 0.76 5 0  68  I 0 .792 0 500 0 .177
0.4 0 8 1 6 0 .810 0 80 2 0 .7 7 6 0  772 0 657 0.8  17 0  806 0 .7 3 5 0 .62  1 O 747 0 276
0  5 0 8 |9 0 .8 *4 0 842 0 .8 1 " 0 .7 9 8 03)68 0 .8 4 9 0 .832 O 76 I 0 .426 0 9  *5 0.127
0 .6 0.841 0.829 0 .8 *7 OH I O 0 .8 0 5 0 66*9 0.8  *9 0 825 0 76 5 0 24 1 0 “ 67 0.64 *
O 7 O 700 0 .7 *7 0 .6 8 * 0  6 92 0 .6 9 8 0 .580 0 720 0 .750 0 6 6 9 O 160 0 4 7“ 0 7 .86
0  8 o 448 0 513 0. 191 0  48 6 0 .5  lO 0 4 10 0 .4 7 0 0  5 *0 0  508 0 .078 0 2 10 0 642
0 9 O 157 0 21 I 0.0*45 0  195 0 .2 4 4 0 225 0 144 0.154 0  1 * * 0 .035 I) 1189 0 227

:it i
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Table 3.8: Power: T = 2 0 0 . B a n < lw i( ith = fl 12)

U n ifo r m ly  D ia tr ib u te d  S tr u c tu r a l  B rea k

BrkSixe avptS expS »upS aLMj e L M j »LM j a L M „ rLM.s t L S h s ah js ahv; ah*s
0.1 0  06 6 0 .057 0 .04  J 0 .062 0.051 0 .031 0 .0 7 2 0 .056 0 .0 3 0 0 069 0.071 0 .0 6 5
0.2 0 .1 2 7 0 .1 0 1 0 .075 0 .124 0 .066 0 .0 4 0 0 .1 3 2 0.101 0 .055 0 .093 0. 22 0 .0 9 3
0.5 0 .4 3 0 0 .425 0 .354 0 .423 0 .4 0 6 0 .1 7 6 0 .4 4 5 0 .432 0 .2 9 9 0  243 0 .352 0 .2 6 6
1.0 0 . 7 1 i 0 .617 0.651 0 .754 0 .6 5 6 0.791 0 .71  1 0 .760 0 .762 0 .4 3 9 0 .524 0 .4 1 3
2.0 0 .6 0 0 0 .912 0 .715 0 .672 0 .9 5 9 0.961 0.76.5 0 .616 0 .623 0.474 0.565 0 .4 7 3
VO 0 .6 4 3 0  991 0 .7 5 6 0.951 0.9H6 0 .966 0 .6 0 6 0 .643 0 .646 0.502 0 .601 0  502

U n it  R o o t
rr avgS expS *UpS aL \l j e L M j d.M . aLNIn eLM i s ah ah so ah-s

0.01 0 .0 9 3 0 .075 0.06.3 0 .066 0.064 0 .036 0 .091 0 .076 0 .0 3 9 0 064 0 095 0  06 0
0.02 0 .1 6 5 0 .1 5 0 0 .12  1 0 .157 0  127 0 .046 0 .175 0 .154 0.091 0 .123 0 .157 O 126
0 .05 0 .4 7 0 0 .462 0 .361 0 .466 0 .429 0 .2 0 6 0 .4 7 9 0  463 0 .3 2 5 0 324 0  410 0 .3 1 0
0  10 0 .6 1 5 0.631 0 .54  1 0 .611 0 .616 0 .364 0 .624 0 .6 3 6 0 .5 2 6 0.145 0  545 O 425
0 .20 0 .6 9 6 0 .714 0 .6 1 6 0 691 0.70-1 0 .475 0 .704 0 .7 1 6 0 606 0 .497 0 603 0  496
0 .50 0 .7 2 0 0 .752 0 .647 0 .726 0.735 0 .465 0 .7 J 0 0 75 3 0 .6 4 0 0.531 0 635 0 .542

F ra c tio n a l I n te g r a t io n

i a v *S expS HttpS aLMj eLM . »L.M j aL.Mis eLM,s hL M m ah js ah Si) ah -s
0.25 0 .1 5 6 0  161 0 .0 9 9 0 .146 0.131 0 0 17 0 .1 7 0 0 .164 0 .0 7 1 0 15 0. 146 0  1 r>
0 .50 0  161 0. 155 0 255 0..143 0  331 0.121 0 .3 6 6 0. 16 1 0  217 0 259 0 11 0  255
0.75 0 .5 7 4 0 .605 0 .466 0 .5 6 0 0 .566 0 .266 0 .5 7 9 0 .607 0.4  39 0 40 1 0  49 1 O 19 1
1.00 0  707 0 .752 0 .599 0 .722 0  739 0.4  57 0.71 I 0 749 0 .6 2 6 0 526 0 60  1 0  521

S tr u c tu r a l D rea k

( lrk l* t a v *S expS HUpS a L M j c L M j hI .M  j a L M  j s e L M ,s d  M , s ah js ah sh ah -s
o .t 0  U)7 0 .1 1 6 0 .0 4 9 0 1 16 0 .155 1)1 17 0. 106 0.0*15 < > 066 U. 5 1 0 074 o 04 5
0 2 0  124 0. 170 0  156 0. 167 0. 166 0 16 1 0  354 0 413 0  112 o 59 | O 56 4 6 050
0. 1 0  566 0  601 0 .492 0 .555 0 .53  1 0.201 0 .6 2  1 0  622 O 4 16 0 .7 |  1 O 157 0 .0 6 9
0 1 0 .714 0  697 0.661 0 666 0.61 1 0 2 lo 0  717 O 699 0 .467 0 166 O 657 0 .144
0.5 0 .7 6  I 0  746 0 720 0 716 0 .6 3 7 0 .252 0 .7 7 9 0 .742 0 .464 0 266 O 9 ) - O 279
0 6 0 ,7 0 6 0 .6 6 6 0 .669 0 .645 0 .5 9 0 0 .247 0 .7 2 0 O 666 O 479 0 (60 0 .67  1 0 159
0.7 0  5 70 0 .564 0  446 0 .556 0  52 1 0 .200 0.60*1 0961 1 0  402 0 0*14 O 1541 0 .7 0  1
0.6 O 19 0 .4 0 0 0 .16  1 0.171 0. 165 0 .179 0  173 0  442 o. 15 0 .054 0 .175 0  614
0 9 0 104 0.124 0 .0  16 0 I 16 0 169 0.1 14 o . u k . 0.0*11 0 .060 0 012 0 0 "2 O 1 -44

:\7
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Table 3.9: Power: T = * 0 0 .  B a n d w id th = f(0 )

U n i f o r m ly  D i s t r i b u t e d  S t r u c t u r a l  D r e a k

Q rk S iz r a v *S expS supS a L M j e L M j s L M j a L V i , , e L M , , % L \l, , ah j . ah ,n ah - ,
0.1 0 .1 4 5 0 .1 4 8 0.134 0 .137 0 .1 4 7 0  124 0 .1 4 4 0 .1 3 8 0 .125 0 .1 0 9 0.120 0  107
0.2 0 .4 2 3 0 .4 4 3 0.419 0.431 0 .4 2 9 0 .391 0 .4 2 8 0 .4 4 4 0 .427 0 .296 0  36 9 0 .2 8 2
0 .5 0.8.39 0 .898 0 .849 0 .872 0 .908 0 .9 1 7 0 .8 2 2 0 .8 5 8 0.862 0 668 0.686 0  67 4
1.0 0 -915 0 .953 0 .916 0 .936 0 .955 0 .9 6 0 0 .901 0 .9 1 5 0.916 0 .8 2 0 0 .8 5 0 0 .8 0 7
2-0 0 .9 5 7 0 .9 *2 0.954 0 .969 0 .9 7 6 0 .9 7 8 0 .9 5 0 0 .9 5 2 0.954 0 .908 0 .9 2 4 0 .901
5 .0 0 .9 8 4 0 .9 9 8 0.984 0 989 0.994 0 .9 9 7 0 .9 8 2 0 .9 8 3 0 .985 0 .960 0 .9 7 3 0  96.3

U n i t  R o o t

(*» av*S expS supS a L M j e L M j * L \ r j a L M , , e L M , , » L M „ ah j . ah,», a h - .
0.01 0 .4 9 8 0 .5 1 9 0.496 0 .506 0 .513 0 .4 7 3 0 .4 9 9 0 .5 1 4 0 .500 0 .386 0 42 0 0  391

0.02 0 .7 9 4 0 .8 3 3 0  807 0 .808 0.8.34 0 .8 2 4 0 .7 9 2 0 .8 1 8 0.814 0 64 3 0 .6 9 6 0  6 2 3
0 .0 5 0 .9 7 6 0 .9 8 7 0.985 0 .9 7 9 0 .986 0 .9 8 5 0 .9 7 3 0 .9 8 3 0.986 0 .827 0  834 0 .8 2 6
0.10 0 .9 9 7 1.000 0 .999 0 .998 1.000 1.000 0 .9 9 6 0 .9 9 9 1 000 0 .896 0 .8 9 7 0 .9 0 0
0.20 1.000 1.000 1.000 1.000 1.000 1.000 I 000 1.000 1.000 0.9.30 0  934 0 .9 2 4
0 .5 0 1.000 1.000 1.000 1.000 1.000 I 000 I OOO 1.000 I 01)0 0  939 0  9 39 0  91 9

F r a c t io n a l  I n t e g r a t i o n

d a v *S expS supS a L M j e L M j , L M a L M  i , e L M , , » L M ,. ah j . ah,«» a h ' ,  1
0 .2 5 0 .7 9 5 0 .914 0.880 0.841 0 .923 0 .9 3 8 0.78.3 0.868 0.887 0 .3 1 9 0 3 12 0 .5  30
0 .5 0 0 .9 9 9 I 000 1.000 0 .999 1 000 1.000 0 .9 9 8 0 .9 9 8 0 .999 0 .823 0 .8 3  1 0 .8  19
0  75 1.000 1.000 1.000 1.000 1.000 1.000 1 000 1.000 I 000 0 .8*>8 0 .914 0 .9 1 8
1 00 1.000 1.000 I OOO 1.000 1 000 1.000 1 18)0 1.000 1.000 0 'H  I 0  93 7 0  95 2  j

S t r u c t u r a l  D r e a k

D r k F i avgS expS supS a L M j e L M j s L M j a L M , , e L M , , s L M , , ah j . ah,.> a h - .
0 . 1 0 6 49 0 .884 0.704 0 .814 0 911 0 .9 2 0 0  579 0 .7 3 2 0.772 0 693 O HO 0  147

0 .2 l)3»‘M) 0 .9 9 9 0.996 0 99 3 0 .9 9 9 0 .9 9 6 0 .991 0 .9 9 9 0 .999 0 *8)7 0 .7 9 4 O 145
0 .3 1 .OOO 1.000 I.(MX) 1.000 t IXX) 1 (MX) 1 (MX) 1 (XX) I tXM> I (XX) I) 9 8 " O 6 3 9

0 .4 1.000 1 000 1 mx) 1 (MX) I.(MX) 1 • MX) 1 (MM) 1 (MX) 1 (MX) 038 )7 1 (MM) 0 .8 9 2
0 .5 1.0 00 1 (MX) 1.000 1 000 l.lXX) I OOO 1 (XX) 1 (XX) 1 (NX) 1) 987 1 (XX) (, 3*68
0  6 1.000 I.(XX) l. IXX) I (MM) 1 (XX) 1 (MX) 1 (XX) 1 (MX) 1 (XX) O 8<)6 1 (XX) 0 3 8 8 )

0  7 I.  OOO 1 (MX) 1.000 0 .999 1.000 0 .9 9 9 1 (XX) 1 IXX) 1 (NX) l)3»6 1 0  ‘8)1 t (XX)
0 .8 0 992 0 .9 9 9 0 .998 0 .997 0.9*>9 0 .9 9 8 0 .994 0 .9 9 9 0 .999 0 158 0 .7 ‘M 03X 8)
0  9 0 .6 0 5 0 .8 9  \ 0  665 0 .78  1 0 910 0 .9 2 5 0  548 l) 69  2 0 7 *7 U 17 0 .2 7 0 O 651

3#
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Table 3.10: Power: T = 8 0 0 . B a n d w ic lth = fH ]

U n ifo rm ly  D i s t r ib u t e !  S tr u c tu r a l  D reak

B rkS ize a v *S expS •upS a L M j e L M j s L M j aL.M  n e L M ,* • L M n ah j * ah v , ah->,
0.1 0 .1 1 3 0 .1 2 7 0 .1 3 0 0 .1 3 0 0.122 0 .0 8 6 0 .1 3 5 0 .124 0 .1 0 4 0.111 0 .1 1 7 0.0* >9
0.2 0.-12 1 0 .443 0 .4 0 7 0 .420 0 .4 3 0 0 .358 0 .4 2 5 0 .439 0 .4 0 5 0 .2 9 1 0 .3 1 6 0 .288
0 .5 0 .8 2 8 0.8H8 0.8.30 0 .8 5 9 0 .8 9 6 0 .903 0  815 0 .848 0 .8 5 2 0 .635 0.701 0.668
t o 0 .9 1 0 0 .967 0 .9 1 8 0 .9 4 0 0 .9 7 0 0 .974 0 .901 0 .919 0 .9 2 0 0 .798 0 .8 4 3 0 .790
2.0 0 .954 0 .984 0.941 0 .965 0 .9 7 9 0  982 0 .941 0 .946 0 .9 4 8 0 855 0 891 0  867
5.0 0 .9 7 8 ! 000 0 .9 7 0 0 .988 0 .9 9 4 0 .9 9 6 0.971 0 .976 0 9 78 0  91 1 0 .942 0 .905

U n it  R o o t
rr av*S expS supS a L M j e L M j s L M j a L N l i s e L M  | * » L M n ah js ahv> ah**,

0.01 0 .5 1 0 0 .532 0 .5 0 8 0 .5 1 9 0 .5 3 0 0 .475 0 .5 1 2 0 .528 0  515 0. 167 0 456 0  178
0.02 0 .7 4 7 0 .779 0 .764 0 .7 6 0 0 .7 8 0 0 .752 0 .7 5 2 0 .770 0 .761 0  591 0 .652 0 .605
0 .0 5 0 .9 5 2 0 9 7 3 0 .9 5 6 0 .962 0 .9 7 4 0 .972 0 .9 4 6 0.961 0 .961 0  75 2 0 816 0.785
0.10 0 .9 8 9 0  994 0 .992 0 .993 0 .9 9 4 0 .994 0.98.3 0 .992 0  .*>92 0 84 9 0 851 0 .84  1
0 20 0 .9 9 7 0 .998 0 .9 9 7 0 .997 0 .9 9 8 0 99 8 0 .9 9 6 0 .998 I) 99 8 0 817 0 866 0.8 26
0 .5 0 0 .9 9 7 I.OOO 0.99*) 0 .9 9 9 I.OOO 0 .9 9 9 0 .9 9 6 0 .998 0 99 8 0 .85  1 0  87 6 0 .847

F r a c tio n a l I n te g r a t io n

.i a v *S expS supS a L M j e L M j s L M j a L M  j ^ e [ .M M * L M ,s ah j  * ah vi a h ^  j
0 .25 0 .501 0  589 0 .545 0.5  24 0 .5 8 9 0 .5 5 9 0  497 0  563 0 .5 6 0 0 147 0 180 0. 15 1 '
0 .5 0 0 .8 7 7 0  935 0 .904 0 .905 0  9 3 3 0 .925 0 .873 0 918 0 9 1 9 0 644 0 .659 0 .6 4 7  1
0  75 0 .974 0 .990 0 .978 0 .984 0 .9 8 9 0 .986 0 .9 6 9 0 980 0  97 8 0 .7 4 0 0.781 0 .765
1.00 0 *8)8 1 OOO 0.99*) 1.000 1.000 1 OOO 0 .996 O '8)8 O ‘>98 0 856 0  878 0 .8 7 0  j

S t r u c t u r a l  D reak

H r k l 't  1 avgS expS supS a L M j e L M j s L M j a L M  i «» ei M m s i .M m ah.-4 ah Vi ahM
0 I 1 0 .591 0 866 0 .6 1 9 0.751 0 .9 0 5 0  919 0.5  2 1 0 .669 0  718 II 654 0 .2  14 0 IXN)
0 .2  1 0  988 0 .996 0 .994 0.991 0 *8X> 0 .996 O 9 80 0 *8 Mi 0 ‘8Mi 0 *8M* 0 7 16 I) 295
O. 1 ! 0 .9 9 9 0.99*) 0  *8)9 0 .9 9 9 0  9*8) 0 *88) 0 *88) 0 ‘88) 0 *88) 1 INXI 0 977 M 595
0 .4 1 OOO 1.000 1.000 1.000 1.000 0 *88) I INN) 1 INK) 1 INN) 1) '88 ) 1 (8)0 0 .84  1
0 5 1.000 1.000 1.000 I iNM) I OOO 1 OOO 1 INM) 1 OCX! 1 INN) 0 956 1 INN) 0 .9 5 7
0.6 I OOO 1 00 0 1.000 1 IXN> 1 OOO 1 OOO I IMM» 1 IMM) 1 INN) 0 .85  1 I OOO 1) »8M>
0.7 0  *>*>9 0 .999 1.000 U.9*>9 0 <88) O ‘88) I) *88) (I *88) I INN) II >8 t 0 9 8 | t INN)
0.8 0  984 0 .999 0 .9 9 7 0 .988 1 INN) O *8)8 O 987 1 (MM) O ‘8)8 0 274 0 732 D.99M
0  9 0 .5 5 9 0 850 0. 568 0 .7  16 0 .8 9 7 0  905 0 .492 O 6  13 I) 68 1 I) 089 0 .242 O 622
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Table 3 .1 1: Power: T = 8 ()0 . B a n d w id th = f |  12)

U n ifo r m ly  D is tr ib u t e d  S tr u c tu r a l B rea k

B rkS ize a v*S expS supS a L M j e L M j s T M j a L M , , e L M , , s L M  i , ah j . a ll,,, a h - ,
O .l 0 .1 3 3 0 .1 2 5 0.120 0 .124 0 120 0 .095 0 .135 0.122 0 .1 0 7 0.091 0  129 0 .0 9 8
0.2 0 .3 8 9 0 .3 9 5 0 .3 7 7 0 .3 7 8 0 .3 7 9 0  299 0 .390 0 .395 0 .3 5 0 0.251 0 .322 0 256
0 .5 0 .7 7 9 0 .8 3 8 0  779 0 .8 0 7 0 .8 5 6 0 .8 6 9 0 .778 0 .7 9 6 0 .8 0 4 0 .567 0 .65  1 0 .5 5 5
1.0 0 .8 7 6 0 .9 5 0 0 .872 0 .9 0 4 0 .9 6 5 0 .973 0 .860 0 .8 8 0 0  88 7 0 .678 0.761 0 .6 7 7
2.0 0 .9 2 7 0 .9 8 3 0 .9 0 6 0  9 58 0 .9 8 3 0  986 0  911 0 .9 2 3 0  9 2 7 0  75 1 0 .818 0.721
5.0 0 .952 0 .9 9 9 0 .928 0 .9 8 0 0 .9 9 4 0 .996 0 .929 0 .9 4 3 0 .9 4 5 0 .747 0 841 0  760

U n it  R o o t
a avgS expS supS a L M j e L M j s L M j a L M , , e L M , , s L M , , a h j . a h , , a h - .

0.01 0 .458 0 .473 0 .444 0  4 60 0 .4 6 2 0.401 0 .467 0 .4 6 7 0 .4 4 6 0. 347 0  401 o *41
0.02 0 .710 0 .758 0 .7 2 9 0 .7 2 8 0 .7 5 6 0 .698 0 .712 0 .7 4 6 0  735 0.563 0.61 3 0 .5  56
0 .05 o X •1 X 0 .919 0 .885 0 .8 9 3 0  9 17 0 .882 0 .883 0 .914 0.M90 0.685 0 759 0 .681
0.10 0 .942 0 .975 0.9.38 0 .9 5 7 0 .9 7 8 0 .942 0 936 0 .965 0  951 0.71 J • ».789 0  717
0.20 0 .934 0 .965 0 .9 1 7 0 .9 5 3 0 .9 6 9 0  9 39 0 .933 0 .9 5 9 0 .9 4 4 0.732 0 .770 0.741
0 .5 0 0  953 0 .9 7 6 0 .946 0 .9 6 2 0  977 0 944 0 954 0 .9 6 9 0  955 0 779 0 .818 0 .7 3 3

F r a c tio n a l In te g r a tio n

d avgS expS supS a L M j e L M j s L M j a L M , , e L M , , * L M , , ah j . ah ,o a h - .
0  25 0  293 0 .3 4 9 0  107 0 .1 0 8 0 .1 4  1 0 .265 0 . 100 0. 139 0 108 0 216 0 260 0 228
0 .5 0 0 688 0 .758 0 .6 7 0 0 .7 1 7 0 .751 0  675 0 687 0  744 0 .7 0 3 0 .471 0 .546 0  498
0 .75 0 860 0 .913 0 .854 0 .8 7 8 0 .9 0 8 0 811 0 .859 0.901 0 .8 7 1 0 611 0 "OO 0 .623
1.00 0 919 0.95 3 0 .8 9 9 0  94 2 0  95 7 0 914 0.91 1 0 .9 4 0 0 .921 0 700 0.7  57 0 720

S t r u c t u r a l  B r e a k

H r k l ’ t av *S expS supS a L M j e L M j sL.M j a L M , , e L M , , sL M  i , a h j . ah ,.i ah
0 I 0 4 19 0 .827 U 187 0 .64  5 0.871 0 882 0 184 0 52 1 0 .391 O 57" 0.171 0 055
V) ’ 0 .9 6 3 0 .9 9 6 0 .9 8 9 O 9 7 9 0 .9 9 6 0  995 O 972 0  995 0  9 9 9 0 ‘8)8 0 608 O 158
0 1 0 .9 9 8 03881 1.000 O ‘88) 058 8) 0 ‘881 0 ‘818 058 8) I 188) 1 (RM) O 'M 2 0 . 15 1
0  4 1.000 I OOO 1.0*8) 1 (88) I (8)0 1 (MX) 1 1X8) ( (88) 1 (MM) 1) 988 () 9*8) 0 .64  1
0 .5 I .OOO 1 .OOO 13)00 I 38JO 1 58)0 1 INN) 1 OOO I (88) I (XNI 1) 89 1 I 01X1 0 892
0 6 1 .OOO 1.000 15)00 I (88) I 38 X) 058 8 ) 1 (88) 1 (88) [ (MM) o h 7 | 0 ‘8)9 I) 987
0 .7 03881 I OOO 15)00 0589*1 1 (88) 0 ‘8)8 O 99*1 1 (88) 1 (MX) 0 174 0 .956 1 (XX)
0.8 0  961 0  99 1 05)8  I O 97 6 058 )2 0 989 0 970 058)4 0 ‘8)4 O. 165 O 6 24 05817
0  9 0 4 16 0  779 0 180 0 62 3 0 .854 0.871 0 .372 O 518 o 5r>o 0 0 5 5 0 1 7 1 0  569
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Figure 3.1: Break S en s itiv ity  Functions
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Chapter 4

Extreme Values and Local Power 
for KPSS Tests

W e establish upper bounds on the statistics i/n and  •/- proposed f>\ Kwiatkovvski. Ph illips. 

S chm id t, and Shin I F Jffii for testing •be null hypothesis o f s ta tio n a rity . T h e  bounds are  

atta in ed  by cosine functions tha t do not exhib it the exp lo d in g  variance often associated w ith  

the a lte rn a tive  hypothesis. W e also derive ex trem e value results for tim e  trends, s tructura l 

breaks, and unit roots.

I sing these results for ex trem e K PS S statistics, we develop a n a ly tic  results for the power 

against local a lte rn a tives  th a t com bine one o f these process**. w ith  a short m em ory com ponent. 

I lie results are surpris ing , given the origins o f the s ta tis tic  in tha t the rejection probabilities  

for the test based on are very s im ila r for s tru c tu ra l breaks and unit roots. W e provide  

a theoretical basis for th is  last result by showing th a t ;/w is an a lgebraic special case o f the  

statis tic  proposed by A ndrew s and Ploberger (1 9 !) !;  for testing  for s tructura l breaks at an 

unknow n b reakpo in t.

4.1 Introduction

W e establish upper bounds for the s tatistics i/M and i j -  proposed by 

Kwiatkovvski. P h illip s . S c h m id t, and Shin W h ile  these bounds are o f some interest

in the ir own right because they define an extrem e opposite to  the null hypothesis, they also 

prov ide a basis for analy zing  the power o f tests based 011 f/M and f/-- p artic u la r, our results 

for ex trem e values place an a n a ly tic  perspective on power com parisons for unit root, tim e
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tre n d , and structural break a lte rn a tiv e s . W e dem onstrate  th a t i f^ is about as effective as a 

test for s truc tu ra l breaks as it is as a  test for unit roots.

O u r results add to earlier find ings th a t have already revised the in te rp re ta tio n  o f these 

statis tics , kw ia tk o w s k i. P h illip s . S c h m id t, anti Shin I K P S S ) derive as an  L M  sta tis tic  where 

the a lte rn a tiv e  hypothesis is the sum  o f  a un it root process and a s ta tion ary  com ponent. Their 

stated  null hypothesis is a s h o rt-m ern o ry . s ta tio n ary  process. O n th a t basis, they  describe the  

value o f t\u as a test o f the null hypothesis o f  s ta tio n arity . Lee and S chm idt 1199t>) and Liu  

( 1998) show that //„ is consistent for fra c tio n a lly  integrated  I |d )  processes w ith  d  >  0. This 

result necessarily revises the in te rp re ta tio n  o f the K PS S test because an Itd.i process w ith

0 <  d  <  1 /2  is s ta tionarity . Lee and  S chm id t propose th a t the K PS S test is m ore properly  

viewed as a test of the null hypothesis  o f short m em ory. The a lte rn a tive  hypothesis would  

then be long m em ory, which includes unit roots and frac tio na lly  in tegrated  processes.

I nit roots and fractionally  in te g ra te d  processes do not. however, y ield  the largest values 

for //;, and i f . .  Tor a sam ple o f size I . we establish the bounds

'7m <

and

if- <  I 2 t i

1 liese bounds are a tta in e d  for the processes y, =  i - u s [ ~ t / l  i and

y,  =  c o s ( 2 t / / /  ). respecti\e ly. These cosine functions provide benchm arks for o ther possible 

a lte rn a tiv e  hypotheses, and they g ive  a clear p icture o f the ty pes o f rea lizations tha t actually  

trig ger large values for f/w and i/r . They show that I/m •> most sensitive to a large change in 

the value o f y, between the beg inn ing  and  the end o f the sam ple and th a t y T is most sensitive 

to  d a ta  w ith  a com plete cycle in th e  d a ta  period.

The results fur tim e trends and  s tru c tu ra l breaks confirm  this ol>servation. T h e  value i/M =  

jL ’/ ’ is a tta in t'd  by a sim ple tim e  tre n d . yt =  a t .  where a  is a constant. The difference between 

•jLT  for a tim e  trend and ~ ~ ‘ T  =  0 .10137" for a cosine function  is m in im a l. A  s tru c tu ra l break 

process w ith  a break at the sam p le  : ' ' r ‘ is a crude a p p ro x im atio n  to  a m onotone trend, 

and  th a t process a tta ins j/m =  j j T .

I ’n it roots, which form  the o r ig in a l basis for the statistics, generate rea liza tio ns  that may
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or m ay not resemble cosine functions. T h e  values o f for un it root rea lizations are m ore or 

less un ifo rm ly  d istributee! between the lower bound o f 0 and the upper bound o f t ~ 2T .  The  

m ean is at the m id p o in t o f T .  which is about h a lf o f the bound ~ ~ i T  -  0 101377 O n ly  

ab o u t 129f o f  realized un it roots have a value o f r «ts large as the value for a s truc tura l 

break known to be a t the sam ple  m id p o in t. T h e  m ean o f for a  break w ith  an unknow n, 

u n ifo rm ly  d is trib u ted  b reakpo in t is also larger than  the m ean for a un it root.

These extrem e value results establish a fram ew ork for s tu d y in g  the  power o f the K PS S  

tests for a lternatives  th a t include unit roots and struc tura l breaks. W e consider an a lte rn a tive  

hypothesis based on the process

=  r ,  +  -  r  i/ ,

composed o f the sum o f  a  short m em ory process x ,  and a long m em ory  process y, .  The scalar 

~ p sets the distance between the null and the a lte rn a tive  for a sam ple o f size / '.  W e show that 

the power for a sm all ~ r  is closely related to the extrem e value results for the process y, alone.

Section l.'J o f th is  paper establishes the bounds for and t j . . Section 1.3 presents a 

result on asym p to tic  local power for processes that com bine short m em ory  and long m em ory  

com ponents. Section 1.4 then presents some calculations for various unit roots, tim e  trends, 

am i s tructura l breaks. S im u la tio n  results in Section I.a  give deta iled  power results for various 

alternatives .

W e provide a theo re tica l basis for our finding tha t f/h is about as effective in testing for 

s tru c tu ra l breaks as it is in testing  for unit roots In  showing tha t it is an a lgebraic special 

case o f the test A ndrew s and Ploberger I 1994') propose for s tru c tu ra l breaks. I his derivation  

is given in Section 4 .0 . and Section 4.7 presents our sum m ary  and conclusions.

4.2 Bounds on K P SS Statistics

I he K P S S  statistics and  y -  a re  com puted from  tw o types o f residuals i t calcu lated  tor a 

process y , . T he  s ta tis tic  y v is based on the residuals from  the regression o f y, on an intercept. 

T h e  sta tis tic  y-  is s im ila r ly  ca lcu lated  by regressing y,  on a constant te rm  and a tim e  trend.
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In  I>oth cas**s. the  fu n d a m en ta l q u an tity  is the p a rtia l sum  o f residuals

r

.s  =  y ^ f r i i - i /
r =  l

I f  the residuals are  short m em ory, the long-run variance

i t 2 =  l im T - ' E (S i I M.'.M
r - s .

is fin ite . I f  no t. the  residuals », are said to  have the long m em ory  p roperty .

T h e  K P S S  s ta tis tics  can be w ritten  as

y r  s*’

S*(/ I

for i/w or //- .  I he d e n o m in a to r is a kernel-based e s tim ate  o f  the long-run  variance it-;

r i  r

s 2{>i  =  i ~ 1 y ^ <i  +  T / - 1 y ^  a i s . t i y ^  > , > , _ , .  1 1 . i >
r - 1 <- t r -  < *■ 1

where u ls . r i  =  I -  s / | /  +  11 is the B a rtle tt w indow  w ith  b an d w id th  t .  For testing under 

the null hypothesis o f  short m em ory, f  is chosen so th a t t =  »r \ l  l , ‘ | to  o b ta in  a consistent 

estim ate  o f i t 2 .

For the present s tudy o f extrem e values for t/(l and t;- we choose t =  0  even though i t * 

does not exist and  cannot be consistently estim ated  by any choice o f the band w id th . W e are 

interested here in e x tre m e  values for and t /- . which occur for process tha t are not short 

m em ory. T h e  sam p le  variance * 2 |U) does, nonetheless, have a fin ite  expectation  in a fin ite  

sam ple, and its value provides a convenient reference point th a t we use in the next section to  

exam ine the powers o f  the statistics.

W e also s im p lify  the analysis by studying  continuous tim e  lim its . For tim e  trends and  

structura l breaks, the  continuous tim e version is im m e d ia te  and  we w ill use tfie notation  

f t —> <(/) to  denote  convergence to  tha t l im it . For stochastic process, the nota tio n  i, -> »|/i 

w ill denote w eak convergence in measure to  a dem eaned B row n ian  m o tio n  for a unit root or 

to  dem eaned fra c tio n a l B row nian  m otion for a frac tio na lly  in tegra ted  process.

T h e  fu n d a m en ta l p ro b lem  we address in this section is thus m a x im iz in g  the functional

,7* -  /o Uo ' r  ,/n ^  ,

Jo H.s)2</s

4-j
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over f |s ) . .s £  [0 . 1 ). W h ile  the lim its  c (f)  for stochastic processes are not sm ooth , we w ill 

assume th a t the m a x im u m  for //" *s a tta in e d  for a sm ooth, d iffe ren tiab le  process. W’e let 

denote the m a x im u m  subject to  the constra int

I  r { s ) d s  =  I
Jo

0 (-l.fi;

W'e let ijZ denote the m a x im u m  subject to  (-l.fi; and the a d d itio n a l constra in t

•s t I s )  ds =  0  ( 1.7 1
s :

P r o p o s i t i o n  2. F o r  b a nd w id th  (  =  0. t in  l i m i t i n g  F P S S  s t at i s t i cs  d t j i m d  abor t  sat i s fy  Hit 

f o l l o w i n g  bounds:

% < ^  

i'/! <  | ‘2 t ;

Proof .  Set- Section t .N .l. □

I he bound //* =  I  occurs for the d a ta  y t =  ;/c)cosl x / / 7  i. w hich is a cosine wave w ith  

a perit« l o f  27'. This function  has a peak at the beginning o f the sam ple, and  a trough at the 

end. (T h e  function  y, =  ^ ,c o s ( - ( l  is a  m irro r im age tha t also a tta in s  the m a x im u m .i

I he largest possible detrended K P S S  s ta tis tic  tj- occurs for the d a ta  ;/( =  yn c o s (2 " t /7  i. This  

cosine function  has a period  equal to  the sam ple size w ith  peaks at the beg inn ing  and end of 

the sam ple.

4 .3  Local Power

T he bounds on i}u and i j .  have im p lication s  for the more practical p ro b lem  o f  d etecting  a long 

m em ory  com ponent in a process tha t also contains a substantia l short m e m o ry  com ponent. 

( 'onsider a process

: t = r , + ~ : T y t 1-t.S;

com posed o f the sum  o f a short m em ory  process x ,  and a long m em ory process y , . T h e  scalar 

- j  sets the extent to  which the a lte rn a tiv e  hypothesis differs fro m  the n u ll. W’e assume that

fti
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~!t  =  O p { T ~ 1). Let rjT and f/; be the K P S S  sta tis tics  for r ,  and r ( calcu lated  using b an dw id th  

( .  (F o r  n o ta tio n a l c la rity , we w ill generally d ro p  the subscripts // and r .  W e note tha t the  

a lg e b ra  for the tw o cases is the sam e.)

The c ritic a l values for the test are based on the d is trib u tio n  o f i/x- I f  wp let </(r/) denote  

the  density  for the K P S S  s tatis tic , then

P r [ i j T > c ) - J  y i t i f d r )

W e let <•' denote a p artic u la r c ritica l value w ith  P r f i / j .  >  r " ;  =  n " .

W e w ill show th a t the local power o f the test depends on y, only through the expectation

o f

r
*  =  T - 2 Y . S v t

( - 1

W h ile  /•.’( ♦ )  generally grows w ithout bound, it does exist for a fin ite  I . W e define

/ . ' I *  I
1 r  = r

an ti assum e tha t the param eters o f the process y,  are chosen so that i j- =  l 'v for a constant 

l In  the cases we consider, .s* (0 ) w ill be constant when i r  =  l ’y

P r o p o s i t i o n 3 .  / /  ~j -  = l ~ l . t i n  n t in  n j n - t i u n  f n u b a b i l i t i t  s n ml t  r  t in n l t t n i a t n i  sa t i s f y

f ’ r i y .  >  c*  i — o ’  —► </( <•“  'i —^  as / ' —► x  i l . l f l i

P r oo f .  See Section I.M.2. □

The a s ym p to tic  local power o f the K PSS test depends on the a lte rn a tiv e  only  through  I v ,/<r*

and  w ill thus be the same for all a lte rnatives  w ith  a given value for I v . P roposition establishes

a square  root rule: quadrup ling  T  and h a lv in g  * r  y ields constant rejection p ro bab ilities .

P roposition  2 can be used to establish a low er bound on the sam ple variance /-.'(.•.*(())) 

necessary to  achieve a given value for \ ' v . In  the case o f i /y  fur exam ple, the bound in 

P rop os ition  2 im plies  that

T

sJfOj >  - - / - ' ^ s - 1.

•17

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

T ak in g  expectations o f both  sides yirdds

E la J (O ))  >  T 2 r y l - U l )

T h e  cosine function  th a t establishes the  bound for also has the m in im u m  possible variance  

necessary to  achieve a g iven value for l y . In  the next section, we address the p rac tica l question  

o f how large T |s y (())) m ust be to  achieve a  given l y for processes th a t do  not a tta in  the l>ound 

in Proposition 2.

4.4 A lternative H ypotheses

Cosine functions are c e rta in ly  not the most frequently m entioned a lte rn a tiv e  hypotheses for 

the K P S S  tests. That honor accrues to  the unit root process, w ith  frac tio n a l in tegration  a 

distant second. W e augm ent this range w ith  a variety o f s tru c tu ra l break processes and tim e  

trends.

Ia b le  1.1 specifies a variety  o f process tha t h a w  large values for i/H. T h e  p aram eters  o f each 

process are chosen to .achieve l y =  1 so tha t all the processes have the  sam e a>y m p to tic  local 

power as given in P roposition  2. fab le  1.1 presents an il /  I ' / , , 1 for these processes.

I liese results are derived ill Section l.s .ii.

I he unit root process tha t m o tiva ted  the orig inal derivation  o f does not d om in a te  the 

set o f extrem e values for the K P S S  statistics. I he expected value o f i/^ for a pure unit root 

I process I H i is very dose to  T. /  . w hich is ha lf the bound set by the  cosine fu n ctio n . Ia b le  

•1.3 shows the d is trib u tio n  tinder a un it root, which is surprisingly u n ifo rm  between 0 and 

~ ~ l  1 .  T h is  d is trib u tio n  reflects an a ttr ib u te  o f unit roots; some unit root rea lizations are  

clearly noustatiouary . but others are by chance not all tha t d is tinc t in  th e ir appearance from  

stationary d a ta .

Indeed. //w is m ore sensitive to  a varie ty  o f processes than it is to  the process denoted I R. 

The value i/w =  for a  s im ple tim e  trend  (process T T )  is a close second to  the value for a 

cosine function . T h e  difference between and t " * ’ =  0 .10132 is ju s t a l it t le  over P /f. T he  

value =  j - / [ '  for a s im p le  break at the  sample m idpo in t (process D i /V i  is g rea ter than //M 

for o f realized unit roots. I f  the break is at the point [(#'/"]. w here [•] denotes the integer 

closest to a real num ber, then — -|d( 1 — 0 ) T .  T h e  average for a break u n iform ly  d is trib u ted

•lf<
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in [0 . 1] is i r .

These results have para llel im p lic a tio n s  for asym pto tic  local pow er. T h e  sam p le  variances 

needed to achieve I j  =  1 are 0 .8 7 . 10. and  12 for C O S . T T .  and D i / j .  but 15 for 1’R . The  

la tte r figure is slightly  sm aller th a t the  sam ple variance o f 16 needed to  a t ta in  l v =  I for the  

unknow n breakpo int process (process D » t.

T ab le  -1.2 also shows corresponding results incorporating  a tim e  tren d . A g a in , the cosine 

sets the bound on y-  and has the sm allest sam ple variance that achieves I j  =  1. A close second 

place goes to  the broken trend th a t goes up linearly  over the first h a lf  o f  the  sam p le  am i down  

linearly  over the second half. T h e  s ta tis tic  7 - equals A . / '  for the la tte r case. T h is  value of 

0 .0 2 5 T  is only  s lightly less than  ( 2 t ) _ *7  =  0 .0 2 5 3 5 / I he double break process that takes on 

one value between 1 /2  and 3 /  I and  ano ther value on the other tw o  regions has 7 - — A. / ’ or

0 .02087 '.

Ia b le  1.3 shows the d is trib u tio n  o f 7 - for a pure unit root. T h e  d is tr ib u tio n  covers the 

range between 0 and ( 2 : r i b u t  it is not as un iform  as the d is trib u tio n  o f  t/w. T h e  mean is 

about 0 .01097 '.

4.5 Power Com parisons

I he powers o f y u and 7 - for the various a lte rn a tives  described al>ove are p a r t ia lly  d ic ta ted  In  

Pro|M)sition 2 and Proposition 3. P roposition  2 im plies that the power w ill be bounded from  

above by the powers for the cosine functions. Proposition 3 gives an a s y m p to tic  local power 

ap p ro x im a tio n , showing the local powers are  equal for processes w ith  equal values for I y. I he 

rem ain ing  issue is the very p ractica l question  o f power for larger values o f* ' fo r processes that 

do not a tta in  the bound in P roposition  2. W’e approach this issue using s im u la tio n s .

Tables 1.1 and 1.5 present rejection p ro bab ilities  fo ra  variety o f  a lte rn a tiv e  hypotheses for 

7 „ am i t/r . respectively. In  a ll cases, the short m em ory com ponent is r ,  ~  .Y |0 . 1). The 

a lte rnatives  y,  are described in Tables 1.1 and  1.2. The a lternatives  are p ara m e te rize d  so that 

l j  =  1 . equating  asym pto tic  local powers, and th a t characteristic is evident in  the results for 

sm all . The results also confirm  th a t the cosine functions bound the  pow ers. The results 

(a fte r scaling) are very nearly iden tica l across sam ple sizes o f 50. 200 . and 8 0 0 .

T h e  results for the three non-stochastic processes (C O S . T T .  and  D  in  Table 1.1 and

19
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C O S 2 . T T 2 .  and D 2  in  T ab le  4 .5 ) a re  very nearly  identical for a ll values o f ■)?. T h e  precise 

shape o f the y,  process is ev id en tly  less im p o rta n t than  the fact th a t the shape is non-stochastic. 

T h e  power for un it roots w ith  the  sam e l 'w is s im ila r for sm all values o f but lower for larger 

values o f ~;t  ■

T o  put the power for un it roots in to  perspective. we com pare those figures w ith  powers for 

fou r types o f s tru c tu ra l break processes in T ab le  4 .4 . 1 T h ere  are tw o sources o f randomness  

involved: the location  o f the break and  its size. Section I.S .5 shows tha t

Vy = ^ 2|1 -  O'^d* (4.12)

for a  break o f m ag n itu d e  6 a t p o int 0.  I f  a random ly  located break is too  near a sam ple

en d p o in t, it is d ifficu lt to  d etect. In  term s o f (4 .1 2 ). ♦ .  from  equation  I.!), is sm all if  ^ is near

0 o r 1. Th is  causes the rejection p ro b ab ilities  to  be sm aller for I ) *  w ith  a u n ifo rm ly  d is trib u ted

breakpo int than for D | / j .  I f  a random -sized  break is sm all, it is also d ifficu lt to  detect because 

♦  is sm all if  S1 is sm a ll. I  he s im u la tio n s  use a norm ally  d is trib u ted  break size, which puts the  

highest p robab ility  density on the area around a break of size zero, em phasiz ing  this effect. 

As a consequence, the rejection p ro b ab ilities  are larger for and l>* than  for D i,.*  \  and

tt|» .v •

I he unit root process, which m o tiva te d  the o rig inal derivatio n  o f ;/(J. has rejection pro le  

a b ilit ie s  that fall between those for 0 i/.>  and I a n d  those for P i/ .*  \  and D * For large  

-*r- a break is easier to  detect than  a  unit root even if  the break is random ly  located as long 

as the  break size is clearly not zero. For the break processes w ith  norm ally  d is trib u te d  break  

sizes, the unit root is a  l it t le  easier to  detect. T h is  would likely not be the case i f  the break  

size were stochastic, b u t bounded away from  zero.

O v e ra ll, however, the  differences in  rejection p robabilities  are m in im a l. W h ile  the precis** 

ordering  depends on the specifics o f  the s truc tu ra l break process, the K P S S  tests can be 

considered as effective in detecting  s tru c tu ra l breaks as they are in d etecting  in un it roots.

1 F o r  la rg e  ■>. th e  p o w e rs  o f  th ese  te s ts  d e p e n d  o n  a  c o m p le x  in te ra c tio n  b e tw e e n  th e  d is t r ib u t io n s  o f  a n d  

x y ( f ) .  w h ic h  a re  n o t in d e p e n d e n t ,  a n d  th e  d e n s ity  g ( r / j ) .

50
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4.6 The K P SS Test for Structural Breaks?

It  is not en tire ly  surpris ing  th a t is sensitive to s tructu ra l breaks. In  fact. //*, i* an  algebraic  

special case o f the s ta tis tic  A ndrew s and  Ploberger 1199-1) propose to  test for s tructu ra l breaks. 

T h e  general form  o f  the  test they propose is a weighted average o f L M  statistics

/
where 9 €  iOi -O^)  C  [0. 1] param eterizes the location o f the  break in the sam ple and J { 9 )  

is a w eighting fun c tio n . For a s tru c tu ra l break w ith  an unknow n b reakpo int. Andrew s and  

Ploberger recom m end un ifo rm  w eighting  J [ 0 )  =  I .  p roducing the  test sta tis tic

/ L M \ 9 ' h19 i t . l t .

to  com pare this s ta tis tic  w ith  it is necessary to  exam ine  the deta ils  o f the I.M  statistics. 

( 'onsider a model

;/r = < 1 4 - Ad, , 4-

where d, , is a d u m m y  variab le  equal to  1 for / <  i and 0  for t >  i. The log likelihood  function

, r
>’> { {  =  —  - Y j .V r  -  <1 -  Ad, , ' 2.

J i t -
( - 1

where <r* is the variance o f  has a gradient w ith  respect to  i  given bv

I J ,
> >'i << r =  —l)A <T* <— « IT  *
I ~ I

T h  is is the same .s', th a t enters the  K P S S  calculations (1.1 i . 1 sing I |.s , . =  1 — 0 \er2 . where

i =  \ 9T\ .  and su b s titu tin g  the e s tim ate  s *|t'i for a 2 yields

l . U \ 0 )  =
19\  1 — 9 is2 1 i ) 

W e can thus w rite  the  K P S S  s ta tis tic  as

= J 0 { l  -  9 ) L M { 0 ) d 0 .  I I.[ .V i

which is (-1. 1:?) w ith  the  w e ighting  ./( t )  =  0[  1 -  0).

The differences between (-4.1 -1) am i I-I. I V. are m in im a l Ivecause 0{ 1 -  0) is nearly constant 

except at the extrem es o f the [0. 1] range. In  fact. Andrew s and Ploberger state  tha t the

•il
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ca lcu la tions  must o m it values o f  9 near 0 or 1 to  avoid technical p ro b lem s. T h e  sum m ation  

for ijy is not subject to  th is  l im ita t io n  because the fac to r 9[  1 — 9) is effectively  a continuous  

co u n te rp art to  the sam ple t r im m in g  Andrews and Ploberger recom m end .

Indeed, this s im ila rity  has been m entioned in passing by A ndrew s et a l. | 1!)!)6) in the context 

o f the  test N yblom  I 198!)) proposed for param eter changes under m a rtin g a le  a lternatives . Th is  

general a lte rnative  specification encompasses several in te res ting  d ep artu res  from  constancy 

inc lu d in g  a single ju m p  at an unknow n point in t im e  (th e  chan ge-po in t p rob lem ) and slow 

ran do m  variation  (a  ran do m  w a lk ).

4.7  Summary and C onclusions

O ne way to describe a test is in term s o f the assum ptions accom pany in g  its d erivatio n . I lie 

statis tics  i/u and i j -  were o rig in a lly  developed tu test for the existence o f  a unit root com ponent. 

[.«• and Schmidt ( 1 !)!)♦>) refined th is  description to  p ortray  i/ (1 and  i)-  as tests for the existence 

of a long m em ory com ponent. A ndrew s and Ploberger ( l!)!M i derive  rj,, as a test for structural 

breaks. O n  this basis, one m ight describe as a test o f the null hypothesis o f short memory 

against an a lte rnative  tha t includes unit roots, fractionally  in tegra ted  process*"., and structural 

breaks.

O ne  can also characterize a test in term s o f what it ac tu a lly  detects . W e show that //„ 

is most sensitive to a cosine function  w ith  h a lf a cycle d u rin g  the sam p le  period and that 

ij~ is most sensitive to  a cosine function  w ith  a fu ll cycle d u rin g  the sam ple  period . On this 

basis, one m ight describe i/ (1 and r/- .as tests for cosine functions or. m ore generally, as tests 

for realized processes th a t happen to  resemble cosine functions. In th e  case o f i/^. the value 

for a  t im e  trend very nearly m atches the bound set by the cosine fun c tio n  and the value for a 

stru c tu ra l break at the sam ple m id p o in t is only a lit t le  sm aller.

W ’e also consider the  m ore p ractica l com parison between the unit root a lte rn a tive  and  

stru c tu ra l breaks at an unknow n b reakpo int. W hile is g reater for a pure s truc tura l break 

process w ith  a break in the m id d le  o f the sam ple than  for 8 8 '/{ o f  realized unit roots, an 

unknow n breakpoint un iform ly  d is trib u ted  in the sam ple has an average i/w only somewhat 

higher than  the mean for realized un it roots. T h e  s im u la tio n  results here show th a t i/M is 

equ a lly  effective in detecting  unit roots and in detecting  breaks at an unknow n breakpoint.
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A n  im p o rta n t c au tio n  is im p lied  by the fact tha t t/n i-s described as a test for unit roots by 

K P S S  and as a test for s truc tu ra l breaks by A ndrew s and  P loberger. I f  t)u is large enough to  

reject the n id i hypothesis o f short m em ory, it would be e n tire ly  m isleading  to  r ite  K PS S and  

c la im  discovery o f a  un it root jus t as it would be m is lead in g  to  c ite  Andrews and Ploberger 

and c la im  evidence o f a s tructu ra l break. T h e  only a p p ro p r ia te  conclusion is a rejection o f the  

null hypothesis o f  short m em ory.

4.8 Proofs and Calculations

4.8.1 P ro o f o f P roposition  2

W e seek to  m a x im ize

and

■S = / ylsii/s -  I I  i/lru/r 
Jo Jo

>" =  ^ f /D 1 — J  i l l

i 1. 17 1

O u r strategy is as follows. D iffe ren tia ting  I l . I t i i  w ith  respect to  i/|<ji yields a condition  

th a t i/I in  must satisfy. D iffe ren tia ting  this condition  w ith  respect to n  then yields a d ifferentia l 

equation  tha t i/|u i must satisfy for all u. D iffe ren tia tin g  a second tim e  yields a second-order 

d iffe ren tia l equation  th a t does not involve the in tegra ls  in 11 .17).

W e d iffe ren tia te  l l . l t i ;  w ith  res pec t to  y |u ) using the  Frechet derivatives

d .S  * - ' •
(ii/l a )

- t . I >  11 1 

t . t <  a J

and

to o b ta in  the d eriv a tiv e

i I s2
— —  =  - I t / In ;  -  /  
0 i/(  (i.l J 0

y\ r ) d r )

I = g l-O S.(( + / J o -.K S * _ & $ *  _ ;
*2 xiyiti i .s* .s- ( (« ) -  /  

Jo
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E quating  this to  zero yields

( j /(a )  -  /„ ' y \ r ) d r )  _  / ^ l - l ) S , J t  / f t  1 -

^  +  S f . i t

D iffe ren tia ting  both  sides w ith  respect t o n  yields

d y { a ) / i ) a  _  ( 1  -  <iiS.,

■s2 ”  /o '  > 7 *

which ran  be s im p lified  to

i ) y { a ) / i i a

J ! ^ =
W e thus have tha t the m a x im u m  K PS S statistic  is a tta in e d  for d a ta  fo llow ing  the recursion

<’ !/( <i1 .

—  =

S u lo titu te  the d efin itio n  for

[>Ĵ r  = ~'v ( L  -v' r,,/r)

\Se then need to find solutions to

<>2 (/(<1 i \
.j | y  =  -  j | U \ r \ , l r j  l l . lH i

I he residuals

f '
1 1 (j i =  i/| a i — I  y( r  u l r

J  n

have the property tha t

(t*’f |u l  J 1y \n )

(i  il * t h i ‘

W e can thus rew rite  ( 1.1 Si as

. , ' =  ~>)a d < ll. I l . l 'J l
va~

I he solutions to this d iffe re n tia l equation  are o f the form

y \ t )  — yt 0 ) cos| k t  +  c i .

where

I 1.2 0 .

•VI
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W e are. therefore, looking  for solutions to  (-1.19) w ith

f o '  ( f o  c o ^ k t  +  c ) d t ) 

c o x 2 i k t  4- r ) d l  — ^ c o x l k l  4- c ) d t

-  f o  ( f p C o M k t  + c ) d t ) i , l a  ( j

ts in g

I  c o x i k t  4- c ) d t  — k ~ l x i n [ k a  4- r j  — k ~ 1 x m ( r  ) .
Jo

the n u m era to r is

<-1 , r\ . 5
J  ( y j  co9ikt 4- r)tit j  — J  k 3 * i n ‘ \kt +■ r)Jt — 2 j  k ~ 3 j in (  kt 4- c j s in (  r )dt -f j  k~“ s in 3 ( r  )iit

k ' 2 k - '  . .
=: t — sin  | k iro.<| k i 4-'2k *s m | r  i| co.s| it 4- ci — ros| c 11 4- k ‘ x i i i ' i n

I lie d en o m in a to r is the sum  o f

I  n>x2\kt  4- cult — | •+■ * k~ 1 si til k 4- e icn.sl k 4- ci — * i t ” 1.siu1 c irn s l r  1
Jo

an d

c roxikt  4- c u //
.Jo

— k  ‘ .s i i r ’ l k  +  r  1

P u tt in g  a ll th is  to g e th e r , we h a w

— -,k l xm{k  4- r\rox{k 4- r< 4- 'J.sin| c i|  co.sj k 4- c i — cos ( r  11 4- s in *  (e i

7 4- j k ~ l xm{k + r)rox{k 4- c j — 7 It ~ 1 s iu | r iro s i r )  — k~ 2xm2{k + r i

W e need to  find the values o f k and r  for w hirh  the fra rtion  on the right equals I .  T h is  

happens if .s in (r i  =  0  and x i n{ k  +  c) =  0  im p ly in g  tha t the m a x im u m  occurs for r  =  0  and k in 

the set o f  values i . ' . ’ i . I I t .  C heeking the values o f ( 1.211 shows tha t the k =  ~ determ ines  

the largest possible K P S S  s ta tis tic  x ~ *7 '.

I  he bound for f j r  follows d irec tly  from  this result. The sta tis tic  i/- <'a l> be ca lcu la ted  

for a variab le  u ( / )  by detren d in g  th a t variab le  to  produce residuals denoted ; / ( / '  a m i thei: 

calcu la tin g  »/„ for y { l ) .  The bound on this i/n is determ ined by the above analysis w ith  the  

fu rth er cond ition  tha t y \ t  1 m ust be detrended . T h e  choice k — '2~ pro<luci>s the largest i/M 

w ith  this p ro perty  because y i t )  is trend -free  for k  =  2 x. Irr. .... □

j. ’t
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4.8.2 P ro o f o f P ro p o s itio n  3

W e can w rite  the K P S S  s ta tis tic  as

’I :  =
* ? I0

or a.s

r = r ~ *  z L i  -<!r , + ^ r T -2 s,r=, ,.y,
s~ 111 4- s i  11) — s j  11 I 

It w ill prove convenient to  reorganize these term s as

'Ar +  I
I +  B

where

r - i ' T r  s s T ~ : y r
- : t -;— ; < r ------------------------- ; ■. S - I t i  s;l n

and

s * 111 -  > i  11 i

I Ills  a llo w s to  express th e  re je c tio n  p ro b a b ility  as

P r { i j .  >  i =  / V | / / r > r " | |  ■+■ B  j -  . l j  

In te g ra t in g  over th e  d e n s itie s  fo r t a n d  y y ie ld s .

/ V u j .  >  <■' i =  JJ ( H r ’ I 1 ■+■ B  i -  l i

where f / jc )  =  P r ft /j.  >  c i. Is in g  ! ’ r \ i } 1 >  r*  j  =  o '  and i ) ( i l r f / i ) r  -  —yl<’ i. we can ex jw ntl

( ! {<• ’  (1  +  B )  — . l i  — ( !  (<•■ I to  o b ta in

P r { > >  c ' i  -  o '  =  </(<•'i JJ ( . 1  — cm B) f \ y ) f [ r ) o y d i  ( l.'J'Ji

W e can a n a ly z e  .1 a n d  B  as fo llo w s . T h e  fact th a t  t , a n d  y, a re  in d ep en d en t im p lie s  th a t

rJ J ~ r : T  1 >'r  ,.s'y t f [ y ) f \ r ) d y d r  =  0 .

The d efin ition  o f l v then  yields

f  r

/ [ " 'Y . ' v> f {y,dy = l(' *» • *

5()
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T o g e th e r, these give us

'2Tr ->TTa'i'
T h e  fact th a t t , am i y t are independent also im p lies  th a t

s? ( 0  =  . ^ 1 0  +

f r o m  th is , we o b ta in

I f  W / ly ) / ( c ) ( l t / ( 'c  _
* f-1 T s - \ i  )

W e  can  now substitu te  these results in to  l l.'Jl?) to  o b ta in

/*  r( !}; >  c’  i — o '  —► i/(c ' i —T V':fTrri

4 .8 .3  N otes  on Calculations for Tables 4.1 and 4.2

T r e n d s

T T :  «/.- = t

.<*’ = f\t - i.-
J II

J 0

11 -  h

l t  =  h u - \  r  - i

Jo Jo

= -  3>* - -  3>‘ + 1̂ ' li

_  j  l  +  _L — * -  i o + i r> _  _J_
WO *4 **>0 l jo

T T 2 :  (/f =  t for 0 <  t <  1 /2 : yf =  1 /2  -  t for 1 /2  <  / <  1.

s* - - f 0-\)2dt=&
Jo

F ro m  0 to  1 /2 .

■S =  U t  -  -  J~!J

[  S f J t  =  > [  ' ( 1 | /  -  j ) 4 -  J j l f  -  1 ) -  +  dt  =  jd j j  
j o  2 o
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B re a k s

W e derive the result for an a rb itra ry  break located at 0. y,  =  6 for t <  [i9T]: y, 

t >  [071.

s 2 = 0[|1 -  0)d']2 -H i -  0i[0d]2 

s 2 = 0( 1 -  Old'2

[  >*,// = [  [|1 -0)d'f]2<// + f  [0d( 1 -/)]*<// = i |  1 -  0 ) 20 2Si  
J  I) J  O Jll

D j / j :  Do the obvious substitu tion .

D * :  Break w ith  0 u n ifo rm ly  d is trib u ted  on [0.1].

s :m i -  Ouio  =

I

I
0 2| 1 -  I ) r , I t )  =  ±

D 11 * \  a n d  D *  \ :  I se the expectation  o f the square.

D 2 :  -/, =  1 for (0. 1 / l j  and C l/ I. I) :  y, =  - 1  for ( I / 2 . : ! /  »)-

i  _  i 
'  -  4

L s' J t = A L  i *r ,2 , / t=^
U n i t  R o o ts

U R :  y t =  i / r - i  +  i . i .d ..  =  I). V ’ ( ,  i =  1. W e w ill use the tw o lemm as:

•">8

- 0  for

I I.-Jlli
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H•■arrange a.'

• \  =  11 ~ r> J  ~ 1 j t y,,l‘

= 11 - t<: Qf - •_»/( 1 - /i ^  ^  !i,ihj + /*’ (̂J' ;/,i/ij

I se independence ( o f I tie m idd le  term .

/ . 'O ';1 =  ( I -  t ) 1 f  r , h  -  •_'/( I -  t ) '  f  ni i  + >: [  '*’</< + f *l 1 -  i ' r
Jo Jo Jit

/ • ' O ' ;  I =  1 1 -  r r ' /  ’ / :$  -  •_>/( 1 -  +  / * | l  -  / j  * / : $  +  / ' l l  -  t r

/■:i."';) =  11 -  / j V [ / / : i  -  t +  11 -  t\p/:i +  t|

/-.'O';) =  11 -  / i - / ‘’ [ l / : t ]

K (  [ ' S;) =  —  /  1 1 -  / t V d /  =  —
\ J o  ‘ J  30 J o  90

[ 1 . ,  , 1 2  1 1

U R 2 :  These results are derived from  s im u lations.

•j'J
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T ab le  -1.1: Expected Values for i/<j and s2(0) fo r I j,

Process Description »7e • ^ 1 0 )

C O S y, = ‘2 l / 2 x c o s { x t / T ) x - 2 r x 2 =  9 .8 7 ...

T T y, =  , )t.  J  =  120l /2 7 ' - ‘ T o T 1 0

D i / 2 y, = d d l / 2 t . d  =  4 8 * '2 h r 12

Process D escrip tion l - {  t/„ ) t : ( s 2 m

D 1/ 2 .V y, =  d d i n  t.  •* ~ r J 12

n„ yt =  ddd t . 6 =  DO1' 2 is  r 16

Dd v y t =  <)d,i , .  d ~  ,V |0 .9 0 ) r « T 16

l i t y, -  i/f _ i +  <r\ -  9 0 /7 ' i J 1.1

( /« r =  { l  for t <  [07’]. 0 o tlie rw is e ). — ,V |0 . <r*i.

60
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Table -1.2: Expected Values for t jr  and s2 ( 0 ) for t'j,

Process D escription rb * i io )

C O S 2 ift =  23 / i x r o s { 2 x t / T ) ( 2 - ) ~ i T ( 2 x ) 2

T T 2
_  f  (4 8 0 ) I /2 /  for /  <  T. 

y '  ~  1 (1 8 0 ) ‘ / 2 ( i  - 0  for < >  j VoT 10

D 2
( - 1 8 1/2 for t e  f j7 ' .  271 .. 

yt  =  \  .
[ + •1 8 * '2 o therw ise r * T 18

Process D escription /- (» /- )  /. ( * ; ( » ) )

l 'R 2 yt =  y t - t  +  :‘ r . <r2 =  1 2 0 0 / / ' 0 .01097 ' 81)

til
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Table 4.2: D is tr ib u tio n s  o f  i),, and IJ- fo r a Pure  I 'n it  Root

n Pr {Tf u <  n l ' J7'j P r (  f/r <  o (2 x )  7 )

0 . 1 0 0.051 0 .018

0 . 2 0 0.180 0 .145

0 . 2 0 0 . 2 0 1 0 . 2 2 0

o.to 0 , 1 0 2 0,194

0.50 0,190 0 .645

0 . 0 0 0.592 0.764

O.TO 0.697 0 ,8 69

0.80 0.820 0.951

0.90 0.9-16 0 .996

« 2
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I'ab le  -4.4: R e jection P rob ab ilitie s  fo r r/M where y, = t , +

T  =  5 0
g a m m a C O S X T D l i ) D ( f . . V ) D ( t f .N ) U R

0.00 0.050 0 051 0054 0.051 0.048 0.052 0 057
0 02 0.070 0.073 0.074 0.073 0 0 7 5 0 0 7 2 0 072
0.0-1 0.1-13 0.13S 0 138 0.137 0 145 0.143 0 142
0 00 0.253 0.210 0 250 0.232 0 251 0.21S 0.224
0 OS 0 112 0.414 0 I0S 0.32S 0.384 0.2S8 0 325
0 10 0.5S3 0.5S3 0.566 0.413 0.520 0.360 0.300
0.12 0.730 0.737 0.733 0.-1S0 0 633 0 42 1 O.-ISl
0 1 1 o.soo 0.S56 0.S51 0.541 0.70S 0.460 0.536
0.10 0.035 0.939 0 032 0.588 0 706 0 511 0 505
o.is 0.071 0 075 0072 0 620 0.706 0 5 15 0 610
0 20 0.001 0.000 0 9S9 0.650 OS 19 0.572 0 670

T =  2 00
g a m m a C O S X T D( L> D< i .  .V ) D I0 ) D ( t f .N ) U R

0.00 0 052 0 0-10 0 051 0 010 0.07,1 0 0 5 4 0 051
0 01 0 0 7 3 0.074 0 071 0.073 0.073 0 072 0 076
0 02 0.110 0 145 0.144 0 145 0 1 13 0 1 13 0.13s j
o.o:» 0 2121 0 261 0.264 0.2 :tl 0 250 0.222 0 230 j
0 01 0 111 0.422 0 113 0.320 0 105 0 207 0.33s |
o.o:> 0.501 0.505 0.502 0 112 0 536 0 367 0 1:11 ;
0.00 0 717 0.742 0.740 0 482 0 651 0 123 0.500
o or 0 s 73 0.S7S 0 S60 0 511 0.7 is 0 175 0.574
0 os 0.030 0 030 0 030 0.590 0.76s 0 517 0.630
0.00 0.07S 0.977 0 077 0 621 0 706 0.540 0 6s 1
0 10 0.002 0.003 0.003 0.65s 0.S22 0.5-sO 0.720

T =  8 0 0
g a m m a C O S X T 0(I» D< 5 . .V ) D ( t f .N ) U R  !

0 .000 0.052 0 0 5 0 0.04S 0.053 0 053 0.050 0.050
0.(X)5 0 073 0 073 0.071 0.072 0 070 0.071 0.070
0.010 0.143 0.141 0.140 0 111 0.144 0 .13S 0.130
0 015 0.270 0 26S 0.267 0.244 0.256 0.221 0 234
0.020 0.420 0.424 0.41S 0 320 0.309 o.:ioo 0 :130
0.025 0.596 0.606 0.507 0.420 0 530 0.374 0 135
0.0:10 0.751 0.758 0.756 0.485 0 630 0.426 0.514
0 .0:15 OS 72 OS 7.3 OS 75 0.559 0.714 0.482 0.5S6
0.0-10 0.030 0.944 0 912 0.609 0.767 0.513 0 634
0.0-15 0.0S1 0.975 0.9SI 0 631 0.S02 0.554 0.6SS
0.050 0.003 0.904 0.00-1 0.661 0.S13 0.577 0.732 j
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Table -1.5: R e jection  P ro b a b ilit ie s  for //- w here y, = r,  +  ■):,

T  =  5 0
g a m m a C O S 2 T T 2 D 2 U R 2

0 00 0052 0057 0.053 0 055
0 01 0 070 0.077 0 075 0 076
0.02 0 138 0.112 0 137 0.129
0 03 0.2-16 0 251 0.210 0.221
0 01 0.396 0 396 0.390 0.332
0 O') 0.56-1 0.557 0.555 0 433
0 00 0 71-1 0.716 0.711 0 512
0 07 0.8-13 0.8-17 0.836 0.58-1
0 08 0 921 0.926 0 916 0.617
0.09 0.969 0.968 0 9*16 0 703
0 10 0.990 0.990 0 988 0 716

T =  2 0 0
g a m m a C O S 2 T T 2 D 2 L 'R .2

0 (X) 0 055 0056 0055 0 0-19
0 01 0072 0 068 0 07s 0 07s 1
0 01 0.139 0 136 0 131 0 139 j
0 02 0.2-17 0 251 0.252 0 233 |
002 0 102 0 398 0 102 0 3-13
oo:i 0.568 0 571 0 575 0 168
o d :i 0.730 0.727 0.723 0 563
0.0-1 0..S5-1 0 s 19 0.850 0.650
0.0-1 0 935 0.935 0 932 0 722
o o:» 0 97 1 0 971 0.971 0.771

j 1)0.) 0.991 0 991 0.991 0.829

T =  8 0 0
g a m m a C O S 2 T T 2 D 2 U R 2

0 000 0.056 0 050 0 05-1 0.052
0.003 0.069 0.081 0 071 0.066
0.005 0.137 0.138 0 1.31 0 111
0.007 0.250 0.251 0 253 0.2-16
0.010 0.107 0 111 0.102 0.361
0 013 0.578 0.572 0.580 0 177
0.015 0.729 0.732 0.732 0.583
0.018 0.858 0.856 0.857 0.659
0.020 0.93-1 0.93-1 0.936 0.737
0.022 0.976 0.972 0.973 0.790
0.025 0.992 0.990 0.992 0 8-11
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F igure 4.1: Power Functions fo r i/w where y, =  x ,  +  '■ : f 

T = 800

•  •  D< 1/2)
• • DU/2..V)

•  « Dt0)
•- ♦  D te.vi 

* I R

(M il)  (M in  u o io  o n is  o n ;n  nn ;<  0014' o o n  n tu o  oirsn
eamnu

Figure l.'J: Power Functions for //- where y, =  r ,

T = 800

m n i i  m »:' (imso i>c«r« m u m  m u :.' miisi m u '1'  m>:i«> m i : : '  m c s i
»; jjT .rru

6 .)
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Chapter 5

Distinguishing Between 
Structural Change and Unit 
Roots

W e |>ro|M*se a two-stage procedure for d is ting u ish ing  between s truc tu ra l change and unit rout.s. 

( iiv e n  a first-stage test result tha t rejects the s ta tio n a rity  hypothesis, we conduct a second- 

stage test on sulvsamples to  consider w hether the en tire  sam ple appears to  lie u onstatiouary  

or w hether the uonsta lionarity  can he a ttr ib u te d  to  lim ited  sult-sam ples. I his second-stage 

test is shown to  he effective in d is c rim in a tin g  between structura l change and unit roots.

5.1 Introduction

T h is  chapter expands upon the results o f ( 'h a p te r w hich provided a unify ing a lgebraic  fram e

w ork for tests for structural change and tests for nonsta tio narity . il lu s tra tin g  the fu n d am en ta l 

s im ila rities  link ing  the tw o d isp ara te  strands o f  the lite ra tu re . T h e  practica l im p lic a tio n  o f 

these s im ila rities  is that the differences am ong  the  tests are m in im a l for a range o f a lte rna tives , 

inc lud ing  structura l change, un it roots, and frac tio n a l in tegra tion .

The results also identify an im p o rtan t p it fa ll .  It  is qu ite  m is leading  to  conclude tha t a 

process is a unit root i f  you reject using the K P S S  test, but that it is a s tru c tu ra l change if  

you reject using the a lgebraically  equivalent A ndrew s and Ploberger fo rm u la tio n . The best 

you can say w ith  either test is th a t, if  you reject the null o f short m em ory, then the process is 

not short m em ory.
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S tru c tu ra l change and o ther forms o f  n o n s ta tio n a r ity  are not. however, iden tica l, and we 

in trod uce  a new test th a t effectively d is c rim in a te s  between the tw o  form s o f long m em ory. W e  

can express the  general approach we take in  te rm s  o f a tw o-stage hypothesis testing s tructure . 

T h e  question o f  p rim a ry  interest in Stage I centers on the null and  a lte rn a th e  hypotheses

//o  : y t =

f i t  : y t -  f t +  i t ,

where f t  is a  short m em ory process and  it f is a  long m em ory process. W e p artit io n  the  

a lte rn a tiv e  / / , ,  in to  tw o Stage II  hypotheses

H'x ■ y t — f t  +  >it

/ / v : y,  =  r , .

where r t is a unit root process and ti, is a long  m em ory  process that is not a unit root. In  

p a rtic u la r, we are interested in a p rom inent m e m b e r o f / / „ .  a sule-a-t we call / / 1. For / / ( . 

t i t  i> •’* s tru c tu ra l break process, w ith  a s ing le  p erm anent change som ewhere in the sam ple. 

W e choose our nota tio n  for the Stage I I  hypotheses in this way to  h igh light the recent work  

re la tin g  s tru c tu ra l change and long m e m o ry . 1 In  th is  sense, a unit root can Ire thought o f as a 

s tru c tu ra l break process w ith  a break in every p eriod . Hence our use o f the notation  / / x for 

the  unit root a lte rn a tive .

W e propose a procedure for d is ting u ish ing  between //.,  and l i  v • O i\e n  a rejection o f 

short m em ory using a s ta tis tic  A. we propose- c a lc u la tin g  A for siilr-sam ples o f the d a ta , th e  

procedure is m o tiva te d  by the Stage I I  a lte rn a t iv e  / / ( . The basic idea is that the subsam ple  

results should show a localized rejection in the  case o f .a single s tructu ra l break and widespread  

re jection  in the case o f a unit root.

W e show th a t the test is consistent and  th a t  the em p irica l perform ance o f this tw o-stage  

test is surprisingly good in d istinguish ing  betw een  / / i and  I f  the K P S S  |o r Andrew s) test 

rejects the null o f  s ta tio n a rity . the p ro b a b ility  th a t  the  second stage t»-st correctly classifies the  

ty p e  o f nonsta tio narity  is reasonably h igh. O n  th e  o th er hand, the Stage I I  test is com pletely  

m eaningless w ith ou t a first-stage rejection. W e  a lso  look at power for tw o  ad d itio n a l m em bers

1 See  P a r k e  ( I *»*>}. D iebn lf i  a m i  Inoue  (Z001 /. a m i  ( I r a n g e r  a m i  H y u n g  ( I'iUU).
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o f / / „ .  an in te rio r break and a  frac tio n a lly  in tegrated  process. W h ile  our test perform s well 

for the in te rio r b reak , it seems to  have very l itt le  power against an I { d )  process, p a rtic u la rly  

when d  is in the  n o n -s ta tio n ary  range. T h is  agrees w ith  the results o f Lee and Arnsier (19 9 7 )  

who find th a t th e  K P S S  test has the sam e order in p ro b a b ility  under both a unit root and non- 

sta tion ary  fra c tio n a l in teg ra tio n . F urth er, our test looks for heterogeneity w hile  l t d )  processes 

are hom ogeneous.

W e w ill o rg an ize  our discussion as follows. Section 7 .2  introduces the test between unit 

roots and s tru c tu ra l change. Section .>.3 derives the a s y m p to tic  d is trib u tio n  under //x_ and  

Section 7. I provides c ritic a l values. Section 7.7  derives the norm alized  break response functions  

for several s ta tis tics  o f interest and Section .7.6 discusses consistency. Section 7 .7  gives evidence  

on the power o f  th e  tests, and we sum m arize  our results in Section 7 .S.

5.2 A Subsam ple Test

I f  the Stage I test rejects the short m em ory hypothesis, then  the next n atu ra l question is 

whether the evidence can p lausibly be accounted for by a unit root exp lanation  ( / / x 1 or 

whether it po ints  to  ano ther m em ber o f Here, we propose a procedure for d istinguish ing  

between these tw o  cases tha t is m otiva ted  by a specific Stage I I  a lte rn a tive , the hypothesis / / 1 

that there is a s ing le  break in the sam ple.

Consider the un it root m odel

=  Zt -  i +  iti  (•). 1 l

where u t is a s ta t io n a ry  mean zero process w ith  long-run  variance <rtJ* W e assume u, satisfies 

the regu larity  con d ition s  o f Assum ption 2.1 in P h illip s  ( I9 S 7 j.  which requires the existence o f  

alisolute m om ents  o f  o rder C for some J  >  2 . and o -m ix in g  w ith  m ix in g  coefficients u„, such

that a ,1,, 2/ i  <  x .  Let .1/ =  { 1  T  — k \ .  1 <  k  <  T .  denote the set o f subsam ple

startin g  points. For i n  t  AI  define the sub-sam ple residuals fro m  a regression o f £  [ in.  »n +  /t] 

on a constant as

IF!
f rn m -f-ri — -m-fri k  C ( . 1 s. II k.  | . ) .2 /

i — m

The sub-sam ple residual p a rtia l sum S m which w ill fo rm  the basis for our statistics, is

6 *
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given by

n

Kn — ^  ( m m + i' I ^  n V  (•)..! 1'm  m  +  n

|= I

Let A | hi. k ) denote  a s ta tis tic  w ith  a null hypothesis o f  short m em ory app lied  to a subsample  

sta rtin g  in period  in  and  o f length k.  (T h e  tests discussed in the previous chapters would thus 

be denoted A( I . T ) . I  For exam ple . Al in.  It) could be a KF’SS sta tis tic  lo r an  Andrew s s tatis tic ! 

calculated  over a  subsam ple o f the d a ta . O u r proposed subsam ple s ta tis tic  for testing the  

hypothesis //■»_ o f  a un it root process is given by

avg A, ( in . & i

A . U V F i  =     i . V I i
sup A, | III. K I 

m t  \ t

where the i denotes the p articu la r underlying  s ta b ility  s ta tis tic  used in the com pu tation  o f 

\ { k / [ ' ) .  Several candidates for \ ( k / ! ' i  present them selves from  the discussion in C h ap ter II.

I A H B T |0 . '» i  i A ilm .L -i =  \ k

Is
(A v g S i A j  ( i n .  L-1 =  k ~ ' Y l  F m

(S upS i A ) ( in. k i =  k  * sup „ l + r,
- t [ i

I A vg L .M l x „ i i  A4 1 j ii k.  T„i =  [L-'( I -  2 .t 0 i J 1 ^

I 1 — T,, |
* rrt rrt + n

U ' - V

|S u p S (T 0 ; i A ^ ln i.& i — k ~ 2 sup
»rt rn +  n

i*l f  < l

In a Stage I test, the statistics above are norm alized  by d iv id in g  by an e s tim ato r o f the long- 

run variance o f  ut in equation  ( 0 . 1 ). A lthough under /F x  th e  long-run variance does not exist, 

the e s tim a to r for any fin ite  T  im pacts the n u m era to r and  d en o m in a to r o f the asym pto tic  

d is trib u tio n  o f  each s ta tis tic  in the same way and thus its effect cancels o u t. T h e  d is tribu tions

of A ,( i / j .  i =  1  A under //-* . are given in the fo llow ing  section.

M o tiv a te d  by / / , .  the in tu itiv e  basis for this test is as follows. I f  the tru e  m odel has a single 

structu ra l b reak  som ewhere in the sam ple, then the large values o f \ { i n . k )  w ill tend to  be for 

the sub-sam ples th a t overlap  the s tructura l b reak. T h e  average A (m .C i. on the o ther hand.
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w ill reflect the ex ten t to  w hich a ll the sul>sam ples support the  hypothesis o f nonstationarity . 

Since most o f the  sub-sam ples w ill not include a s tru c tu ra l b reak , the average w ill lie much 

less supporting  o f  the  n o n s ta tio n a rity  conclusion than  is the  su p rem um . For a unit ro o t, where 

the sub-sam ples are in fact generated by a homogeneous process, the ra tio  o f the average to 

the suprem um  w ill tend  to  be a larger num ber.

5.3 A sym ptotic  D istribution  U nder

I'h is section establishes the convergence o f our Stage I I  s ta tis tics  to  the ir asym p to tic  dis

trib u tion s. W e use these results to  ju s tify  the s im u la tio n  o f  c ritic a l values in the follow ing  

section.

W e w ill first define some nota tio n  for sulvsam ple W ie n e r processes. Then we w ill show 

tha t the p artia l sum s from  sufj-sam ples converge to these W ie n e r processes. F in a lly , we w ill 

put these together to  find the d is trib u tion s  o f our statistics.

W e begin by g a th ering  some useful defin itions tha t hold for a contiguous siil>-sample of 

length </ £  [0. 1] beginning at a |>oint b. b £  11 where 11 =  [0 . I -  i/j. Define the siil)-sam ple  

W  iener process U ’* | 6 .< /.r i  for r  £  [0 . 1] as:

l l ' l f c .  i/. r  i =  t/~ l / '  [ l ll fc  -j- r </1 -  11 ' j A j 1

where 11 | i is a s tan dard  W ie n e r process. Then the dem eaned sub-sam ple W iener process 

W " (b.  i/. r i  is given by

W |f>. I/, r  I — 11 ‘ I b. I/, r i -  f  \ [ ' { b . q .  sjd.s
Jo

F ina lly . denote the  cont muons t im e analog o f t he sulj-sam ple part ia l sum o f a dem eaned W iener 

process by

/
b +  r.j

w * (6 . (/. n)da

Since u, in | j . l )  is s ta tio n ary , the fo llow ing invariance p rinc ip le  for the convergence o f 

-m m+[nt] to  a sul>-sam ple W ie n e r process holds as / '  —► x .  For k / T  constant and r  £  [0 . I j .

m + [rk ]

m + [rfe ] =  11 ‘  * b - 7 • ' '  1
j  —m
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Here —► denotes convergence in d is trib u tio n  and [■] denotes the  in teger p a rt.

T h e  fo llo w in g  le m m a  provides the  build ing  blocks for the a s y m p to tic  d is trib u tio n  o f A , ( 7 j .

L e m m a  2. G irt  11 tht regularity ronditions on u, anti tht sub-sawplt inrananct pnnciph  

abort

( i )  k~  2: m m+[r*] -► f '  \ \ ‘ {b. i j .s)Js

(H)  k~  .m+[r*] —► (6 . 7 . r)

(nil  V i .> m .r7, +  [ r * ]  b.q. r)

("1 m + [r fc ]  -+< 'Q <b- i  n 2

P ro o f. F ro m  ( 0 ..Vi above, ( i i  follows d irec tly . Io  establish l i i j .  note

k

k * rn -f[rtc ] — k - m TTt 4. Jc ] “  b k 1 * - r n  .r .+. i

1 -  I

—> <t* U ' * |  b. ip r  1 -  r r ’  f  11"  I b. 7. r i  1/1 ■ =• <r* \ V ” ( b. 7. r 1.
Jo

which proves | i i i . ( i i i j  follows from  l i i j  as

k 1 .s r„ rTl^.[r -̂j — k k t rT1 rM+ | r .̂j —* I  \V  l^i- rula

l i \ j  then follow s fro m  ( i i i j  because

'N il  fM + [r /i]  — ■'Vi m + [rfc ]J  —► <T ,1 Q{b.<l- I )

which y ie lds  the  resu lt. □

L e m m a  2 a llow s 11s to  find the d is trib u tio n  o f A under a un it roo t. T h e  d is trib u tio n  for 

several d iffe ren t sub-sam ple statistics o f interest follow.

P r o p o s i t i o n  4 ( A - A H B T ( l / 2 ) ) .

A d - / '  — » - — - —
supQ{b. ij. i  j '

P r w f .  N o tice
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( ii)  k J s u p (-l> ’2 ) - *  J(T,'2s u p Q (6 .? . i ) :
m€.W i

fo llow  fro m  the a p p lic a tio n  o f  L em m a  2.  T h e  result follows d irec tly . □

P r o p o s i t io n  5 (A -A vgS).

sup f  Q{ b .  (/. r ) ‘ d r  
h£D

P ro o f. N otice

CO fc] - > < 2 f o Q t b - l - n *  d r

(i i )  ( / '  -  k r ' k - *  v ! u\ \  E L i ' m  m+[rt]  ->• " u ' f o l ~ ' L ‘ Q i b  ' j r  r  d r d b  

Ciii) * _ 4 >up £ *  = | m + [ r t , - *  t r ^ s u p / '  Q i b . q . r r d r
t n ^ M  v 1 > , £ l i

fo llow  from  the a p p lica tio n  o f L em m a 2. I he result follows d irec tly . □

P ro p o s i t io n  6 (A -SupS).

J,,1" 1 *»P Q\b. , j . r rdb 
■«[° >1

A d ' / 1  ► --------------------------------------- ;— I -»-■*» i
s l i p  s l i p  Q l b . i f . r t ~
*•€/* i€[o I]

P ro o f. N otice

li)  ( / • -  k i - ' k - ' V l ^  S11P ^ < ‘7 o " '  * " P  Q l b . ' I . r P d b
o e[i *] ’• t [°  i]

( ii)  t - ’ sup sup ril + (r t | - t  <t“ ’sup sup Q i b . q . r ) 2
m€.t/n6(!fc]  ' ' €«r f [ OI J

follow  fro m  the a p p lica tio n  o f  L em m a  2. T h e  result follows d irec tly . □

P r o p o s i t io n  7 (A -A vgL M ( .t0) ).

.  . f r i : r Q i b . q. r r d r d b
a 4 i</) — > -----------  Tii ---------- ---------- i. j .9 i

sup J T Q { b.  if. r i* d r
*€ »  T"

P ro o f. D eline .7(<i) =  u( 1 — u ). N otice

( i )  k •‘ l 1 -  2 T o )  ‘ Y l l= r “k k S m  m + [ r t ] / ' / » , , / fc)

^  /J,,- ’"'’ Q { b . ' l . r ) 2/ J { r \ d r
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in) < r  -  k)-lk~ *11 - 2 t 0 ) - ‘ z Tml \  ^ . m+Irt l / - / t n /fcj
-> <T l2 t ' l - r ) 1!  M r )  d r  db

( iii)  k  4( 1 - 2 t 0) ‘ sup m+(pfc]/V |« /A - i
m £ A/

—> ff*2slip J"  ̂ T° Q | 6 . 7 . r ) ' [ J ( r )  d r

follow  from  the a p p lic a tio n  o f L em m a 2. T h e  result fo llow sd irec tly . O ljs e rv e th a t T" V ( r j  1 </r 

factors out and  cancels. □

P r o p o s i t i o n s  ( A - S u p L M ( t0)).

/ 0  1 sup Q ( b . i f . r ) ' / . J ( r ) d b
. '•€[*■.. (1 — ll

l ---- ► ------------------------------------------------ ;  I ). II) I
sup sup Q i  b. q. r  i * / . / |  r i
h f - . U  r t  [ t (1 11 — T,, 1 ]

I ' nx i f .  Define .1 ( 1 11 =  u( 1 -  rn . N otice

1 i i i t  -  k  1 - 1 k  - '  s u p  m+[r fc , / . / 1 >< / ; • ,

""1’ a ’t 2 h< '' > lll> Q [ b . < f . r \ '  !  J \ r \ d r
>■€ [t., It  -  T„ 1]

^ " '’ -u p  " lip  s ; t n^ [ rk ] ! J {  n j k )
A /  r j £  [ t , , A j  1 I -  r , ,  j * ]

- + f f * * s i ip  *u p  Q \ b . t f . r ) ‘ /  / 1r > 

follow  from  the a p p lic a tio n  o f Lem m a 2. T h e  result fo llow * d irectlv .

5.4 Critical Values

T h e  asym p to tic  c rit ic a l value* for each A ,ly )  under the Stage 11 null hypothesis o f a unit 

root were estim ated  In  d irect s im u la tio n  for 7  =  g using samples o f size T  — 1000 w ith  10.000  

replications. I  he s im u la tio n s  were perform ed using the ( 1 A IS S  m a trix  p ro g ram m in g  language. 

Table •).! presents the  c ritic a l values for n  =  0 0 1.0  0o. 0 .10 and l).2"i. T h e  choice o f  the sul»- 

sam ple w indow . 7 . was driven  by s im u la tio n  results tha t show it to  have good p roperties in 

d iscrim inating  against the a lte rn a tiv e  o f a  one-tim e, u n ifo rm ly  d is tribu ted  s tru c tu ra l break in 

com m only  encountered sam ple sizes.

7:?
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5.5 N orm alized Break Sensitivity (N B S)

In o ur discussion o f  pow er, we focus on the Stage [I a lte rn a tiv e  / / ( . For th a t subset o f / / , , .  

we are ab le  to  provide  a n a ly tic  results by considering how sensitive the u n d erly in g  A, sta tis tic  

is to  a o n e -tim e  s tru c tu ra l change at x. To com pare the sens itiv ity  betw een the d ifferent A,, 

it is help fu l to  look at the value o f  A, given a pure break process w ith  one break at t im e  x7'. 

Define a  pure break process, y, .  w ith  one break at tim e  t T .  x £  [0. 1], o f  size 6.  as

y , ( xi =  6 d t i x i .  </,( xi =
1 t  < x / '

0 I > - r

Consider the function  / / ( x ) tha t m aps t/r |x i  to  its sta tis tic  value A| i / , |x i  i.

t/( x i =  A(y, | x i i I •">. I '

l ; - , x i  =  --------- ^ --------- M . l l i ,
s up  A| j/ r ( r  11 

-e[<» i]

W e w ill refer to  t/‘ ( x i  as the N orm alized  Break Sensitivity (N B S i fun ctio n . Denote In  // and  

t/‘ the averages over a ll possible breaks x for l') .l'J i and ("i.K ti respectively.

T o  derive  the N B S  functions for several stability statistics o f interest, it w ill prove conve

nient to  find the p a rtia l sums and variance o f t /,|x i. Define the residual >i =  '/H ” i -  ;/Ix i  and  

the p a r tia l sum  pro«-ess N, =  It follows that

( [ ' 6 y  | I -  Tl | *  I <  - [ '
~ i I i i

/ d t l - f i - ) *  t >  T i 

f f 2 — S ' - 1  1 -  x i

The fo llow in g  sul)sectioiis derive t /,(x )  and com pute the m ean N B S  t/, for each o f the  

s ta b ility  sta tis tics  o f  interest. I hese values w ill be im p o rta n t in show ing the  consistency o f  

A, as w ell as for the com parison o f the em pirical perform ance o f the d ifferent underly ing  

sub-sam ple s ta tis tics .

7-1
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5.5.1 A H B T ( r )

Consider the  gen era l A H B T ( r )  where r  =  j? is the p oint in the sam ple to test for a  s truc tu ra l 

break when the tru e  break is at point x / ' .  It  follows from  | •>. 1 -Ii th a t

r |  1 -  r  I

r-'Affffrin = 1 ***r , =
t T * r ( 1 — r i

*1 1-M

Tt  I - r )  

r |  l - T |

r  <  x 

r  >  x

5.5.2 A H B T ( l / 2 )

From I* ) .! ') )  it fo llow s tha t

H - ti

I 1 -  T |
-  >  7

Notice tha t s u p ; / [ lx i  =  1 which o bta ins  at the break point x — f .

=  / " , ; i |TM/T = / “  ‘ T _ ,/x +  [ '
Jo Jo ■' f 1 ■*} J I / j

=  2  In l2 i j  s: (I :iM»>

Since s i ip t / i lx i  =  1 at x =  1 /2 . the m ean N B S  is 0 itxti.

X| 1 - 71

(•’>. 1-Vi

5.5.3 A vgS

-  c ^ - i :
as T  —► x .  I f  we den ote  / / j l x j  =  V ~ l A n j S  then  

’ I :  =  I  ' /> lx ; i /x
J  a

- x i  /  ‘ x( I — r i -
-  d r  +  I  —  -------- — d r

( I  -  x i

f  f  /- /• ■ [  I  ’
J O Jo ■' Jo J  x

x( 1 — r i 1 

I 1 -  x i
d r  d~

=  1 /18

Since slip x i -  1 /1 2  a t x =  1 /2 . the m ean N B S is //* =  2/11.
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5.5.4 SupS

T l SupS — m ax T  2S?/ <t *  
(€[ i r]

i i - » isup 
'€ [0  »]

*( 1 ->-|J

'■€[* 1]

by recognition  o f the fart th a t the sup w ill occur at r  =  t  as i

I  ~ l Sup. " '  =  x | 1 — x i we have

;/ , =  f  x( 1 — x i </x — I /()
J  o

Since s u p i/- ,|x i =  1 /1  at x =  1 /2 . the m ean N B S  is i/j  =  2/:?.

x .  D en o tin g  !/-)(

5.5 .5  A v g L M (O .lO )

r r
/ '  ' . l i  _<//. A /l x„ i =  /  1 ^  j [ < r i r [  I -  r i i  +  T  ’ J ]  >'*’ /t<T*r| 1 -

t — t.i r r -  t / >  [

r  rJ L m J r + f ' r " T , i - r i
T(  1 -  r ;  y T r| 1 — x i

</r

I f  we denote i /^ lx i =  /  “ 1 , l i ; //. A/1  xu i then

I
' I :  =  /  '/t l  x i </x

■  L  7 :x< I — r ) r( 1 -  x j

0.05-111 fur x 0 =  0.10

Since s iip r /^ lx ) =2 0 OS267 at x =  1 /2 . th e  mean N B S  is ;/j =  0 .655.

76

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

5.5.6 S u p L M (O .lO )

T h e  N B S  fu n rtio n  for S u p L M l t 0 ) can be d iv id ed  in to  three parts: x €  [0. x0], x €  [x0 . 1 -  x0 |. 

and x £  [1 — x0 . 1]. N o tice  th a t because o f the restriction, breaks in  the  ends o f the sam ple  

w ill result in a test result iden tica l to  th a t o f  A H B T (x 0 i and A H B T ( I  — xCJ). respectively.

For breaks between x0  and  I — x ()

m ax / '  *y*,/(<T*’r( 1 -  rii
i t [ » „ r r n - r „ r i |

s l ip
r f [0  t ]

r |  I — T|
O l —1-l

by recognition o f tin- fact th a t the sup w ill occur at r =  x as /  ' —» x .  D enoting  r/-,|x i 

/ ‘ y i i / i / .  , \ l i  x„ i we have

X„ l  I -  X I
=  (  - 1 — ^  , h +  f  1 , h +  f  -

J,* ~ •< i -  -  ' y T, y , . T.. *t •

=  I) 0 t *  J +  il X 4- 0 It lV j  =  I) *!)t; t for x„ =  0 10

5.6 C onsistency and Power

W e are now ready to consider the convergence o f A under H [. a o n e -tim e  s tru c tu ra l break  

u n ifo rm !) d is trib u ted  over the  sam ple in te rva l. For any given series w ith  one break, the sul>- 

sam ple sta tis tic  A can be w ritte n  as the sum o f tw o parts. T he  first te rm , denoted A. consists 

o f those sul>-samples that o verlap  the break to  some extent while the second te rm , denoted A. 

consists all those sub-sam ples th a t do not.

A =  A +  A. I ■').!«)
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where

T - k

a  =  ir-tr1 y
sup , \ ( j .  A-) 

fn“ j€[ i r - * ]

v _  { j  j . ] -  i 1 1 ~  / I  » i .< r ) i . \ (

sup A ll’, it i 
m“ l ;e[i r - * ]

and 7’ is the sam ple size, /t is the  su li-sam p le  leng th , and / (m .  it) is an in d ica to r function  tha t

takes the value o f  1 i f  there  is a  break in the suli-sam ple ( i/m  t/m + A |-

I f  the  break is u n ifo rm ly  d is tr ib u te d  w ith in  the  sample period , then 7 j . \ )  can be w ritte n

as

7 / I . V i  =  p 7 j  A  ' )  + 1 1 -  p ) F ( . V ' " ‘ 'i I A . 17 i

Here. /> is the p ro b a b ility  that the break is in the m id d le  | break points between [k. I  -k j. k <  1 / .  i

o f the sam ple and the superscripts m i d  and i m l  refer to the value o f the s tatis tic  when the  

break is in the m id d le  and ends | [ l . i r  — IJ am i [ /  -  k  +  1 .7 ] )  o f the sam ple, respectively.

/.  I A "" ' )  is the same for all breaks in the m id d le . Breaks that occur in the ends o f the sam ple

are s ligh tly  different because there are fewer sam ples that overlap the break and m ore th a t do  

not.

These two decom positions o f A help  to  set up the following proposition  which allow s us to  

d iffe re n tia te  between a o n e -tim e, u n ifo rm ly  d is trib u te d  structural break and a unit roo t.

P r o p o s i t i o n  9 .  l.< t i / "  =  J ] 1 q"  I x i  d ~ .  bt t i n  a n  nn j t  \ H S  f w i r t i o n  f o r  u  sab-sa iup i t  s t a t i s t i r .

X , . F i x  q =  k / F  nt  ii r o t i s t a n t  m i n t  b t t i n t n  It a n d  I / J .  F m i t r  H l . as I  —» x .

( i f  -*■ u ^ T i F ,,r '  e  i k - 1  -  *1-

( l l )  A \ n d \q)  <  ^ 1, :  F o r  7  <  k / T  o r  7  >  1 -  k / T .

Proof .  ( l iv e n  a s tru c tu ra l break at t im e  7  T .  the m odel y, =  <)’</,( x i +  where d,  | 7 i is given

by ( A T I ) .  K quation  (A .l( i)  y ields

>-t
■ \ r d^ / T )  = i r  k), , , Z

s u p  A t (_/. k  ) 

j € ( i  /  - * |

( 7 -

s u p  A , ( j . k )  
j € [ i / - * ]

A , ( n i . t ) +  ^  A , ( m . A ) +  ^  A t ( r n . A )

ct: — 1 m  =  T / — it
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T h is  follows from  the observation  th a t given a subsam ple o f length  k .  a break in the m iddle  

o f the sam ple, i.e. between the  points k  and T  — k,  w ill result in  k  sub-sam ples th a t overlap  

the  break-poin t and T  — ‘2k  sub-sam ples th a t do not. T h e  k  sub-sam ples th a t o verlap  the 

break w ill y ie ld  i / ’ ( rn ) .  w hich is the N B S  function  from  Section '>.5. T h e  rem a in in g  T  — '2k 

sul»-samples tha t do not o verlap  the break w ill be s ta tio n a ry  series.

a :uj{k/T) = ( / •  -  Hr) -  1

sup A,( j . k )  
; t [ i  r -k]

r f

opl l i  4- ^  A,I i n .  k )  +  or ( 1 ]
m — t T  - k

< /•  -  k ) ~ l 

sup A, | j . k )  
;€[i r-fc] r tT -fc  '

+ or ( 1 )

m -  t r -  * '  '

I hen as [ ’ x .  (/ =  j : constant

which proves l i i .

Iu  prove | i i ) .  notice tha t i f  we define x"" '* to  be a break in the m id d le  o f the sam ple

r " " ' r
£  ,,l j ) = c .  V x m"' €  [k.  r -  * ] .

j  -  t  ■ * r  -  k

In p articu la r, for x ”" 1 =  k  j  I '  we have 1/ I 71 -  c. I hen. for breaks in the ends, <  k / T

and ~'l r' ,i >  I 1 — k / T ) .  we have

* ; ' J T *

’ l {J j <

51  ̂ E
j = r - k

T hen  ( ii)  follows d irec tly . □

Proposition  9 shows th a t th e  power o f A against a u n ifo rm ly  d is trib u ted  s tru c tu ra l break 

w ill only depend upon the d is tr ib u tio n  o f the s ta tis tic  for those breaks tha t occur in the  m idd le  

o f the sam ple. F urth er, it shows that the  d is trib u tio n  o f A for a break in the m id d le  converges
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to  a  constant th a t depends upon the sub-sam ple  s ta tis tic  A, through its N B S  function  and the  

sub-sam ple length  q. It also provides a way to  com pare  the effect on power o f using d ifferent 

u n d erly ing  s ta b ility  s tatistics A, in the c o m p u ta tio n  o f  the sub-sam ple test A ,. ( liv e n  tw o  

statis tics , th e  one w ith  the largest difference betw een its  critical value under and 7 '  w ill 

have m o re  pow er under H i .

T h e  u n con d ition a l expectation  o f A(</)  u nd er a  u n ifo rm ly  d is tributed  s tru c tu ra l break has a 

surpris ing ly  s im p le  form  th a t h ighlights the  basis for the proof o f consistency in P roposition  9. 

It  is g iven by the fo llow ing  result.

P r o p o s i t io n  1 0 . l . t t  i/ ‘ =  7 ’ I ~ ) d ~ .  bt t in  a n  nuj t  M B S  f u n c t i o n  f o r  a st ib-sanip l t  s t a t i s 

t ic.  A, l . t t  q =  k f  /  I t  J i r t t l  at  a c on st an t  ca lu t  b t t n t t n  0 an d 1/2.  I  tub r  H \ .

/-.* | A,(</) 1 —* q’i ‘ i,s /’ —► x .

Proof ,  f r o m  Proposition  9 we have A ”" ‘( l</i — » Breaks at the ends o f the sam ple are

slightly  d iffe re n t. By using the sym m etry  o f th e  beginning and end o f the sam ple com bined  

w ith  the s y m m e try  o f t / ' l i i .  we can m atch each break point - / '  <  k  w ith  its c o m p lim e n ta r)  

break at p o int i  -  k  -r j T .  M ore fo rm a lly . £ ”ltn  9 * 11 =  ' I *11 +  H f - r  -c•+■*r  I 1̂U>-

by co m b in in g  tw o  series o f size / '  we get k  sy n th e tic  overlapping sub-sam ple* w ith  fu ll 7 * 11 ) 

functions th a t are analogous to those w here the  break occurs in the m id d le  o f the sam ple. 

I he*e k  o verlap p in g  sub-sam ples are m atched w ith  2 1  — 2k  non-overlapping sub-sam ples. By

averaging we get an expected k / 2  o verlapp ing  and /  — ■}!• non-overlapping siil>-samples for

series th a t have a break in one o f the ends o f the  sam ple. It follows that as / '  —* x . q =  j  

constant

1 l  r  n d  ' 9  •

f l A ' =  s T ^ T " '

P u ttin g  the**- two results together, we can find  the  unconditional expectation . As I  —* x .  

7 =  j  constant

/■ .(A ,i.,)} -  , 1 - - v i ( r r ^ ) ,/.‘  +  2' / ( . 7 r r —

=  11 -  </i_1 (<</ -  -'/■ )'/,* +  7 *'/,*)

=  1’h

□
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5.7 Em pirical Properties

T o  evaluate  o ur tw o-stage subsam ple test, we d iv id e  the outcom es in to  three  categories. For 

a given s im u la tio n . f { 0 gives the p roportion  o f outcom es th a t fail to  reject at Stage I. I f  there  

is a rejection a t Stage I. we record the Stage I I  results as H x or depend ing  on w hether or 

not the Stage I I  outcom e rejects the unit root hypothesis. Every s im u la tio n  must end up in 

one o f these three categories.

5.7.1 S im ple A Tests

III this exercise, the colum ns o f T ab le  .'>.2 .'>.7 contain  the percentage o f outcom es tha t end  

up in each category. T herefore , a  lower percentage in / / 0  w ill im p ly  h igher Stage I power. 

For a lte rn a tives  where a Stage I rejection is like ly , our goal is to  have the Stage II outcom e  

concentrated in the correct category. / / 1 or for the given a lte rn a tive .

Panels A D  o f Tables >.2 o. l show size o f A for the p rim al statistics A M I)T .  AvgS. SupS.

S u p I.M lX o  =  0 10) under a l iiit H oot. A ll four tests have good s i/e  properties. T he  A H H T

has d ifficu lty  rejecting  / / n in S tage I and its power suffers, even in the larger samples com pared  

to  the o th er tests.

Panels A I )  o f  fables a .7 present the power o f A for the four a forem entioned test

statistics against the a lte rn a tiv e  o f one u n ifo rm ly  d is trib u ted  s tructu ra l break. The / /„  Stage I 

rejections m atch  the power o f the p rim a l sta tis tics  from  the tables in C h a p te r 0. O vera ll the  

power o f the test increases w ith  both  break size and sam ple size. In teres ting ly , the A H H T  

beats the o th er tests across the  board  for / / 1 vs. / / - ,  but has troub le  w ith  //o - I he Stage I I  

tests w ork well when the Stage I n u ll. / / 0 . is rejected w ith  high frecpiencv.

Panels A D  o f fables 5.H o . 1 -i look at the power for two o ther in teresting  a lte rnatives  in

/ / „ .  a break in the in terio r o f  the sam ple and  a frac tio na lly  in tegrated  process. I he tests 

perform  s ligh tly  worse for the in te rio r break as for a single u n ifo rm ly  d is trib u te d  break. A g ain  

the A B B  I looks to perform  the  best. By con trast, the /(</) process is a lm ost always classified 

as a ( n it R o ot, p a rtic u la rly  for the n on -s ta tio nary  values where J  >  1 /2 .

HI
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5 .7 .2  H y b r id  Sub-sam ple Tests

T h e  e m p iric a l results for the s im ple subsam ple test lead us to propose a hybrid  subsam ple test 

th a t im proves upon the usefulness o f the A test by u tiliz in g  a  d ifferent sta tis tic  in  each stage 

o f the  tes t. Panels E -C i o f Tables ~).'2 a.-I show the size o f a Stage I I  A H B T  com bined w ith  

Stage I A vgS . SupS. and S u p L M  respectively. T h e  hyb rid  tests s ign ificantly  im p ro ve  the size 

p roperties  o f the A H B T .

Panels E ( i  o f Tables •).•”> j .  13 present the power o f the hybrid  tests. T h e  h yb rid  tests are 

the m ore  pow erful p rim a rily  because they avoid the weakness o f the A H B T  which is getting  

past S tage I.

5.8 Sum m ary

I f  you eva lu a te  differences in term s o f testing outcom es, then there is very l itt le  practical 

difference between s tru c tu ra l change and o th er form s o f n on sta tio narity  such as unit roots and  

fra c tio n a l in teg ra tio n . T h is  chapter addresses, th is  issue by investigating  the properties o f a 

test designed to d isc rim ina te  between a unit root and a process w ith  one struc tura l break that 

is u n ifo rm ly  d is trib u ted  w ith in  the sam ple period . T h e  test applies com m on tests o f stab ility  

to  s iil)-sam ples o f the d a ta  and com pares the average o f these siilv-sample s tatistics to  their 

m a x im u m  w ith in  the sub-sam ples. T h e  d is trib u tio n  o f this Stage I I  s ta tis tic  is derived under 

the null hypothesis o f a unit root and the size and power is shown to perform  well across 

choices o f the underly ing s ta b ility  s ta tis tic .

T h e  best lest is shown to be a hy brid o f the statistics for the Stage I and Stage I I  tests. 

Is in g  the  A vgS . SupS. or S u p L M  statistics for the Stage I test and then the A H B T  for the 

S tage I I  test overcomes the size and power problem s o f the A H B T  for //o  w hile re ta in in g  its 

se n s itiv ity  in d iffe ren tia tin g  / / ( from  / / -^ .  A m on g  these tests, the hybrid  test th a t uses the 

S u p L M  for the Stage I test seems to  be the most pow erful.
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Table C r it ic a l Values fo r A (7i

17, o 7 109f 2595
A H B T 0.096 0.118 0.131 0.1-VJ
AvgS 0.109 0.132 0.148 0.176
SupS 0.123 0.148 0.164 0.197
A vg L M  l0 0.111 0.134 0.149 0.178
S upLM  10 0.134 0.162 0.179 0.214
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Table  .>.2: I 'n i t  Root D ( i

ahb t
sigm a HO H I H in f
0 . 0 0 0 0.016 0.016 o.o:$8
0.100 0.269 o . i :  $:$ 0.598
0.200 0.172 0.124 0.704
0.7,00 0.110 0.076 0.814
1.000 0.094 o.Ooa 0.87).$
2.000 0.097 0.060 0.841$
j . 0 0 0 0.089 0.054 0.87)7

P: A ( l / 8 ) .  -»9? cv. 1 = 2 0 0

avgS
sigm a HO H I H in f
0 . 0 0 0 0.97>:$ 0.001 0.046
0.100 0.147 0 .02:$ 0.8.'$0
0.200 0.042 o.o:$7 0.921
0.7)00 o.oo:$ 0.047) 0.97)2
1 .0 0 0 0.001 o.o:$8 0.961
2.000 0 . 0 0 0 0.042 0.97)8
7).000 0 . 0 0 0 0.047 0.97):$

MipS
sigm a HO H I H in f
0 . 0 0 0 0.957) 0.001 0.044
0.100 0.1 :$8 o.oo:$ 0.87)9
0.200 0.0.J2 0.017 0.951
0.7)00 0.004 o.o:$4 0.962
1.000 0 . 0 0 0 0.040 0.960
2.000 0 . 0 0 0 0.07)2 0.948
7).000 0 . 0 0 0 0.062 0.9:$8

ahbt2( H 0:avg S i
sigm a 110 111 H in f
0 . 0 0 0 0.97):$ 0.011 u.o:$6
0.100 0.147 0.17)1 0.702
0.200 0.042 0.148 0.810
0.7,00 o.oo:$ 0.088 0.909
1.000 0.001 0.062 o.9:$7
2.000 0 . 0 0 0 0.062 0.9:$8
7,.000 0 . 0 0 0 0.061 0.9:$9

a h b t l(  H O rs u p l.M )

su p I.M
sigm a HO H I H in f
0.000 0.962 0.001) o.o:$8
0.100 0.124 0.002 0.87 1
0.200 0.022 0.017 0.961
0.7,00 0.002 0.040 0.97,8
1.000 0.000 0.07,1 0.949
2.000 0.000 0.068 0.9.S2
7,.000 0.000 0.08 1 0.919

ahbt:$( H 0 :mi|>Si
sigm a HO 111 H in f
0.000 0.97)7, 0.009 o.o:$o
0.100 0.1 :$8 0.17,0 0.706
0.200 o.o:$2 o.i',:$ 0.817,
0.7,00 0.004 0.088 0.908
1.000 0.000 0.062 o.9:$8
2.000 0.000 0.062 0.9.18
.',.000 0.000 0.061 0.9:$9

sigm a HO H I H in f
0 . 0 0 0 0.962 0.010 0.028
0.100 0.124 o.i.',:$ 0.72:$
0.200 0.022 o.i.',:? 0.827,
0.7,00 0.002 0.089 0.909
1 .0 0 0 0 . 0 0 0 0.062 o.9:$8
2.000 0 . 0 0 0 0.062 0.9:$8
7).000 0 . 0 0 0 0.061 0.9:59
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Table 5.5: I 'n it  Root D (JP: A | l / 8 ) .  59f cv . T = 5 0 0

ahbt
sigm a HO H I H in f
0 . 0 0 0 0 .946 0 . 0 2 0 0.054
0 . 1 0 0 0 .116 0.141 0 .745

0 . 2 0 0 0.095 0.065 0 .842
0.500 0 .065 0.065 0.874
1 . 0 0 0 0 .057 0.060 0 .885
2 . 0 0 0 0 .055 0.057 0 . 8 8 8

5.000 0 .055 0.069 0 .876

avgS
sigma HO H I H in f
0 . 0 0 0 0 .958 0 . 0 0 0 0 .062
0 . 1 0 0 0 .016 0.056 0 .9 28

0 . 2 0 0 0 . 0 0 0 0 .045 0 .9 55
0.500 0 . 0 0 0 0.046 0.954
1 .0 0 0 0 . 0 0 0 0.048 0 .9 52
2 . 0 0 0 0 . 0 0 0 0.051 0 .9 49

5.000 0 . 0 0 0 0.050 0 .950

>u pS
sigm a HO 111 H in f
0 . 0 0 0 0 .956 0 . 0 0 0 0 .064
0 . 1 0 0 0 . 0 1 2 0.019 0 .969
0 . 2 0 0 0 . 0 0 0 0.028 0 .972
0.500 0 . 0 0 0 0.050 0 .9 50
1 .0 0 0 0 . 0 0 0 0.061 0 .959
2 . 0 0 0 0 . 0 0 0 0.055 0 .947
5.000 0 . 0 0 0 0.064 0 .956

ahb t2( IIO :avgSi
sigm a HO 111 H in f
0 . 0 0 0 0 .958 0.025 0 .059

0 . 1 0 0 0 . 0  lt> 0 .155 0 .829
0 . 2 0 0 0 . 0 0 0 0.076 0.924
0 .500 0 . 0 0 0 0.070 0 .950
1 .0 0 0 0 . 0 0 0 0.065 0 .957
2 . 0 0 0 0 . 0 0 0 0.059 0.94  I
5 .000 0 . 0 0 0 0 .072 0 .928

s u p l.M
sigma HO H I H in f
0 . 0 0 0 0.948 0 . 0 0 0 0 .052
0 . 1 0 0 0 . 0 0 8 0.014 0 .978
0 . 2 0 0 0 . 0 0 0 0 .055 0 .965
0.500 0 . 0 0 0 0.064 0 .9 56
1 .0 0 0 0 . 0 0 0 0 .075 0 .925
2 . 0 0 0 0 . 0 0 0 0 .070 0 .950
5.000 0 . 0 0 0 0 . 0 8 0 0 .920

a h b t5 t H O :s iipS  i

Mgma 110 111 H in f
0 . 0 0 0 0.956 0 . 0 2 8 0 .056
0 . 1 0 0 0 . 0 1 2 0.156 0 .852
0 . 2 0 0 0 . 0 0 0 0 .076 0 .924
0.500 0 . 0 0 0 0 .070 0 .950
1 .0 0 0 0 . 0 0 0 0 .065 0 .957
2 . 0 0 0 0 . 0 0 0 0 .059 0.941
5.000 0 . 0 0 0 0 .072 0 .928

a h b t4 (H 0 :s u p I.M )
sigm a HO H I H in f
0 . 0 0 0 0 .948 0.028 0 .024
0 . 1 0 0 0.008 0.157 0 .855
0 . 2 0 0 0 . 0 0 0 0.076 0.924
0 .500 0 . 0 0 0 0.070 0 .950
1 .0 0 0 0 . 0 0 0 0.065 0 .957
2 . 0 0 0 0 . 0 0 0 0 .059 0.941
5.000 0 . 0 0 0 0.072 0.928
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T ab le  5.1: I  n it Root D C F :  A | l / 8 ). 59{ rv . T = 1 0 0 0  

ahbt
sigma HO H I H in f
0 . 0 0 0 0.948 0.018 0.054
0.100 0.077 0.100 0.824
0.200 0.070 0.056 0.874
0.500 0.051 0.052 0.897
1 .0 0 0 0.056 0.047 0.917
2.000 0.044 0.052 0.914
.‘> .0 0 0 0.046 0.059 0.895

supS
sigma HO H I H in f
0 . 0 0 0 0.948 0 . 0 0 0 0.052
0.100 0 . 0 0 0 0.046 0.964
0.200 0 000 0.042 0.958
0.500 0 . 0 0 0 0.051 0.949
1 .0 0 0 0 . 0 0 0 0.047 0.954
2.000 0 . 0 0 0 0.052 0.948
5.000 0 . 0 0 0 0.05m 0.942

ahbt'Ji H0:avgS i
sigma HO H I H in f
0 . 0 0 0 0.948 0.015 0.047
0.100 0 . 0 0 0 0.107 0.894
0.200 0 . 0 0 0 0.062 0.94m

0.500 0 . 0 0 0 0.055 0.947
1 .0 0 0 0 . 0 0 0 0.048 0.952
2.000 0 . 0 0 0 0.055 0.945
5.000 0 . 0 0 0 0.061 0.949

a h b tll  HO MipL.M
sigma HO H I H in f
0 . 0 0 0 0.952 0.018 0.050
0.100 0 . 0 0 0 0.107 0.895
0.200 0 . 0 0 0 0.062 0.948
0.500 0 . 0 0 0 0.054 0.947
1 .0 0 0 0 . 0 0 0 0.048 0.952
2.000 0 . 0 0 0 0.055 0.945
5.000 0 . 0 0 0 0.061 0.949

sigma HO H I H in f
0 . 0 0 0 0.948 0 . 0 0 0 0.052
0.100 0 . 0 0 0 0.060 0.940
0.200 0 . 0 0 0 0.044 0.956
0.500 0 . 0 0 0 0.041 0.959
1.000 0 . 0 0 0 0.046 0.954
2.000 0 . 0 0 0 0.042 0.95m

5.000 0 . 0 0 0 0.045 0.955

s t i p I . M

•■ignia HO H I H in f
0 . 0 0 0 0.952 0 . 0 0 0 0.04M
0.100 0 . 0 0 0 0.0 16 0.954
0.200 0 . 0 0 0 0.054 0.946
0.500 0 . 0 0 0 0.061 0.949
1.000 0 . 0 0 0 0.05m 0.942
2.000 0 . 0 0 0 0.071 0.929
5.000 0 . 0 0 0 0.075 0.925

ahbtltl H 0:siipS i

sigm a 110 111 H in f
0 . 0 0 0 0.94M 0.015 0.057
0.100 0 . 0 0 0 0.107 0.M94
0.200 0 . 0 0 0 0.062 0.94m

0.500 0 . 0 0 0 0.055 0.947
1 .0 0 0 0 . 0 0 0 0.04M 0.952
2.000 0 . 0 0 0 0.055 0.945
5.000 0 . 0 0 0 0.061 0.949
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Table 5,5: I 'n ifo rm lv  D istributee! S tr. B rk . 0 ( iP :  A | l / 8 i .  ->9f cv. T = 2 0 0

ahbt
brkSize 110 H I H in f

0 . 0 0 0 0.05:$ 0.011 o.o:$o
0.100 o.o:$o 0.017 0.041
0.200 0.807 0.027 0.100
0.500 o,5:$5 0.115 o.:$50
1 .0 0 0 0.272 0.:$20 0.102
2.000 0.1 17 0 .788 0.005
5.000 0.088 0.012 0 . 0 0 0

M ip S

brkSize HO H I H in f
0.000 0.05:$ 0 .000 0.047
0.100 o.o:?9 0 .000 0.001
0.200 0.869 0 .000 o.i:$i
0.500 0.117 0.001 0.552
1.000 0 . 10:5 o .o:$m 0.799
2.000 0.072 0.522 0 . too

1 5.000 0 .0 :55 0.904 0.001

a lib i2 | IIO :a \ rS  i
brkSize 110 H I H in f

0 .000 0.950 O.Oi:; ().():$ 7
0 .100 0.9:50 0 .015 0.055
0.200 0.850 0 .029 0.115
0.500 0 . i:$5 0 .145 0.120
1.000 0.100 o.:$79 0.155
2.000 0.071 0.851 0.075
5.000 o.o:5:$ 0 .902 0.005

ahbt t| H0:s u pl.M  1
brkSize HO 111 H in f

0 . 0 0 0 0.900 0.01.5 0.027
0.100 0.957 0.009 o.o:$4
0.200 0.885 0 .028 0.087
0.500 0.440 0. I l l 0 ,110
1 .0 0 0 0.120 0.401 0,17:5
2.000 0.052 0.800 0.082
5.000 0.025 0 .907 0.008

» vrS
brkSize 110 H I H in f
0.000 0.950 0.000 0.050
0.100 0.9:10 0.001 0.069
0.200 0.856 0.000 0.144
0.500 0,1:15 0.005 0.560
1.000 0.166 0.088 0.716
2.000 0.074 0.6:56 0.290
5.000 0.0:$:$ 0.964 0.00:5

MipL.M
brkSize 110 H I H in f
0.000 0.960 0.000 0.040
0.100 0.957 0.000 0.04:5
0.200 0.885 0.000 0.115
0.500 0.410 0.001 0,559
1.000 0.126 0.015 0.859
2.000 0.052 0,101 0,547
5.000 0.025 0.974 0.001

ahbt.'il 110• M IpSl
brkSize HO 111 H in f
0.000 0.95:5 0.01 1 0.0:5:$
0.100 0.9:59 0 .01:$ 0.048
0.200 0.869 o.o:$o 0.101
0.500 0.147 0.1 15 0,108
1.000 0.16:$ o.:$8:? 0,154
2.000 0.072 0 .8.55 0 .07:$
5.000 0.0:55 0.96:5 0.002
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T a b le  5.6: t 'n ifo rn ily  D is tr ib u te d  S tr. B rk . D (JP : A l l / 8 ) ,  59r r v .  T = 5 0 0

ahbt
brkS ize 110 Ml H in f

0 . 0 0 0 0.904 0.01.4 0.02.4
0.100 0.891 0.0.48 0.071
0.200 0.742 0.098 0.160
o.:>oo 0.:l.")l 0.277 0.472
1 . 0 0 0 0.176 0.686 0.148
■->.000 0.098 0.898 0.004
."*.000 0.040 0.958 0.002

MipS
brkS ize | HO H I H in f

0 . 0 0 0 0.960 0 . 0 0 0 0 .040
1 0 . 1 0 0 0.877 0 . 0 0 0 0 .124
I 0 . 2 0 0 0.682 0 .0 0 1 0 .417

0 .5 0 0 0.218 0.007 0.77-5
1 1 . 0 0 0 0 . 1 0 8 0.199 0 .694

2 . 0 0 0 0.057 0.928 0.014
| 5 .0 00 0.016 0.984 0 . 0 0 1

ahbt 21 HO :avgS i
b rkS ize HO 111 H in f

0 . 0 0 0 0.950 0 . 0 2 0 0 .040
0 . 1 0 0 0.884 0.044 0 .074
0 . 2 0 0 0.669 0.124 0 .207
0 .5 0 0 0.229 0 .448 0.4.44
1 . 0 0 0 0 . 1 0 8 0.714 0 .148
2 . 0 0 0 0.059 0.945 0.006
5 .0 0 0 0.017 0.979 0.004

ah b t4 |H 0:s n p I .M )
brkS ize HO H I H in f

0 . 0 0 0 0.952 0.024 0 .025
0 . 1 0 0 0.894 0 .045 0.071
0 . 2 0 0 0.714 0 . 1 1 0 0 .176
0 .5 0 0 0.174 0.457 0 .470
1 . 0 0 0 0.086 0.756 0.158
2 . 0 0 0 0.045 0.944 0 . 0 1 1

5 .0 0 0 0.01.4 0.981 0 .006

avgS
brkSize HO H I H in f

0 . 0 0 0 0.950 0 . 0 0 1 0.049
0 . 1 0 0 0.884 0 . 0 0 1 0.116
0 . 2 0 0 0.669 0 .0 09 0.422
0 .500 0.229 0 .0 56 0.715
1 .0 0 0 0.108 0 .4 24 0.169
2 . 0 0 0 0.059 0 .9 29 0 . 0 1 2

5.000 0.017 0 .9 82 0 .0 0 1

sup l.M
brkSize HO H I H in f

0 . 0 0 0 0.952 0 . 0 0 0 0.048
0 . 1 0 0 0.894 0 . 0 0 0 0.106
0 . 2 0 0 0.71 1 0 . 0 0 1 0.285
0.500 0.174 0 .0 08 0.819
1 .0 0 0 0.086 0 .1 40 0.771
2 . 0 0 0 0.045 0 .928 0.027
5.000 0.014 0 .9 87 0 . 0 0 0

ahht.41 HO M ipS i
brkSize HO H I H in f

0 . 0 0 0 0.960 0 . 0 2 0 0 . 0 2 0

0 . 1 0 0 0.877 0 .0 48 0.075
0 . 2 0 0 0.682 0 .1 19 0.199
0 .500 0.218 0.441 0.411
1 .0 0 0 0.108 0 .7 42 0.150
2 . 0 0 0 0.057 0 .9 48 0.005
5.000 0.016 0 .9 8 0 0.004
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T ab le  o-7: I 'n ifo r in lv  D is tr ib u te d  S tr. B rk . D (JP : A ( l / 8 ) .  avt cv. T = 1 ()00

ahbt
brkSize HO H I H in f

0 . 0 0 0 U.977 0.019 0 .0 26
0 . 1 0 0 0 .8 '> 1 0.070 0 .0 7 9
0 . 2 0 0 0 .608 0.169 0 . 2 2 2

0  oOO 0 . 2 1 1 0,»7'> 0.28-1
1 . 0 0 0 0 .1 2 1 0 . 8 6 6 0 . 0 1 2

2 . 0 0 0 o.oi:> 0.9') 1 0 . 0 0 1

. '> .0 0 0 0 . 0 2 2 0.976 0 . 0 0 2

MipS
brkSize HO H I H in f

0 . 0 0 0 0.977 0 .0 0 1 0 . 0 1 1

0 . 1 0 0 0.820 0 . 0 0 0 0 . 1 8 0

0 . 2 0 0 0.701 0 . 0 0 2 0 .1 9  1
0 .700 0 . 1 2 8 0.027 0 .8 2 a
1 . 0 0 0 0.070 0.621 0 .2 9 9
2 . 0 0 0 0 . 0 2  a 0.972 0 . 0 0 2

:>.ooo 0 . 0 1 0 0.990 0 . 0 0 0

ahbt 2i HI) :a 'K S )
brkSize HO H I H in f

0 . 0 0 0 0.9  a 2 0 . 0 2 2 0 .0 2 a
0 . 1 0 0 0.822 0.071 0 .1 0 6
0 . 2 0 0 o.:>m 0 . 2 0 1 0 . 2 8 2

0 .700 0 .1  16 0.729 0 .2 1 a
1 .0 0 0 0.071 0.912 0 .0 1 6  j
2 . 0 0 0 0 .0 2 a 0.970 0 . 0 0  a
a.OOO 0 . 0 1 0 0.989 0 . 0 0 1

ahbt li H 0:supLM  i

avgS
brkS ize | HO H I H in f

0 . 0 0 0 0.9-V2 0 . 0 0 1 0 .017
0 . 1 0 0 0 .822 0.007 0 .170
0 . 2 0 0 , 0.71-1 0 . 0 1 1 0.17a
0 .700 0.116 0.176 0.678
1 .0 0 0 0.071 0.790 0.129
2 . 0 0 0 0 .0 2 a 0.972 0 . 0 0 2

1 '> .0 0 0 0 . 0 1 0 0.990 0 . 0 0 0

s u p I.M
brkSize HO H I H in f

0 . 0 0 0 ’ 0 .979 0 . 0 0 0 0 . 0 1 1

0 . 1 0 0 0 . 8 2 2 0 .0 0 1 0.167
0 . 2 0 0 0.716 0 .0 0 1 0 . 1 8 2

O.aOO 0 . 1 1 2 0 . 0 2 2 0 . 8 6 6

1 .0 0 0 0.072 0.712 o. 107
2 . 0 0 0 0 . 0 1 8 0.979 0 . 0 0 2

:>.ooo 0.008 0.991 0 . 0 0 1

ahb t2 | HO s l ip S i

brkS ize HO H I H in f
0 . 0 0 0 0.977 0 .0 2 1 0 . 0 2 1

0 . 1 0 0 0.820 0.071 0.106
0 . 2 0 0 0.701 0 . 2 1 2 0 . 2 8 2

O.aOO 0 . 1 2 8 0.7  18 0 . 2 1  1

1 . 0 0 0 0.070 0.91 1 0 .016
2 . 0 0 0 0 . 0 2  a 0.972 0 . 0 0 2

. '> .0 0 0 0 . 0 1 0 0.989 0 . 0 0 1

brkSize HO H I H in f
0 . 0 0 0 0.9-V9 0.019 0 . 0 2 2

0 . 1 0 0 0 . 8 2 2 0.076 0 .0 9 2
0 . 2 0 0 O.a 16 0 .2 1 1 0 .2 7 2
0.500 0 . 1 1 2 0.a62 0 .2 2 7
1 . 0 0 0 0.072 0.921 0 . 0 2 2

2 . 0 0 0 0 . 0 1 8 0.977 0 .0 0 7
a.OOO 0.008 0.991 0 . 0 0 1
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T ab le  . j.8: T n ifo rrn lv  D is tr ib u te d  In te r io r  B rk : A ( l / 8 ) .  59{ rv .  T = 2 0 0

ahbt
brkS ize HO H I H in f

0 . 0 0 0 0.947 0.008 0.045
0 . 1 0 0 0.946 0 . 0 1 0 0.044
0 . 2 0 0 0 . 8 8 8 0.030 0.082
0 .500 0.710 0.068 0 . 2 2 2

1 .0 0 0 0.498 0.209 0.293
•2 . 0 0 0 0.300 0.7)74 0.126
' . . 0 0 0 0.18.') 0.813 0 . 0 0 2

supS
brkS ize HO H I H in f

0 . 0 0 0 0.956 0 . 0 0 0 0.044
0 . 1 0 0 0.948 0 . 0 0 0 0.052
0 . 2 0 0 0.910 0 . 0 0 0 0.090
0.7>00 0.620 0 . 0 0 0 0.380
1 . 0 0 0 0 .2 * 6 0.015 0.699
2 . 0 0 0 0 . 1 1 0 0 . 2 1 2 0 .6 7 *
7).000 0.052 0.624 0.324

a lib fJ l HOtav^Si
brkS ize HO 111 H in f

0 . 0 0 0 0.947 0 . 0 1 2 0 .0 4 1
0 . 1 0 0 0.950 0.007 0.043
0 . 2 0 0 0.900 0.023 0.077
0.7)00 0.644 0 .0 7 * 0.278
1 .0 0 0 0.291 0 . 2 8 6 0.420
2 . 0 0 0 0.123 0.722 0.155
5.000 0.059 0.939 0 . 0 0 2

ahbt ll  HOrsupI.M )
b rkS ize HO H I H in f

0 . 0 0 0 0.963 0.008 0.029
0 . 1 0 0 0.960 0 . 0 1 2 0.028
0 . 2 0 0 0.923 0.023 0.054
0.500 0.658 0.083 0.259
1 . 0 0 0 0.276 0.301 0.423
2 . 0 0 0 0.125 0.722 0.153
5.000 0.056 0.943 0 . 0 0 1

a v*S
brkS ize , HO H I H in f  !

0 . 0 0 0 0.947 0 . 0 0 0 0 .053
0 . 1 0 0 1 0 .950 0 . 0 0 0 0.050
0 . 2 0 0 i 0 .900 0.003 0.097
0 .500 0.644 0.009 0.347
1 .0 0 0 0.294 0.061 0.645
2 . 0 0 0 0.123 0.297 0.5x0
5.000 0.059 0.155 0.486

supL.M
brkSize HO H I H in f

0 . 0 0 0 0.963 0 . 0 0 0 0.037
0 . 1 0 0 0.960 0 . 0 0 0 0.040
0 . 2 0 0 0.923 0 . 0 0 0 0.077
0.500 0.658 0 . 0 0 0 0.342
1 .0 0 0 0.276 0.005 0.719
2 . 0 0 0 0.125 0.095 0 .7 *0
5.000 0.07,6 0 .3 8 * 0 .556

ah b t3 | HO M ipSj
brkSize HO H I H in f

0 . 0 0 0 0.956 0.009 0 .035
0 . 1 0 0 0.948 0 .0 1  I 0.041
0 . 2 0 0 0.910 0 . 0 2  1 0 .066
0 .500 0.620 0.094 0 . 2 8 6

1 . 0 0 0 0.286 0.296 0 .418
2 . 0 0 0 0 . 1 1 0 0.734 0 .156
5 .000 0.052 0.947 0 . 0 0 1
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T ab le  "».9: I 'n ifo m ily  D is tr ib u te d  In te rio r B rk: A ( l / 8 ). 59? cv. T = 5 0 0

ahbt
brkS ize HO 111 H in f

0 . 0 0 0 0.956 0.019 0 .045
0 . 1 0 0 0.926 0.024 0 .0 50
0 . 2 0 0 0.858 0.047 0 .0 95
0.500 0.545 0.164 0 .295
1 .0 0 0 0 .559 0.492 0 .169
2 . 0 0 0 0 .169 0.815 0 .0 18
5 .000 0.128 0.871 0 . 0 0 1

supS
j brkSize HO H I H in f

0 . 0 0 0 0.942 0 .0 0 1 0.057
0 . 1 0 0 0.926 0 . 0 0 0 0.074
0 . 2 0 0 0.^57 0 . 0 0 0 0.165
0.500 0.55* 0.004 0.65 k
1 .0 0 0 0.149 0.07k 0.775
2 . 0 0 0 0.057 0.480 0.465
5.000 0.055 0.657 0.508

a h b t2 l 110 :a\gS)
brkSize 110 H I H in f

0 . 0 0 0 0.940 0.016 0.044
0 . 1 0 0 0.955 0.025 0.042
0 . 2 0 0 0.K57 0.049 0.094
0.500 0.5KK 0.257 0.575
1 .0 0 0 0.167 0.622 0 . 2 1 1

2 . 0 0 0 0.066 0.912 0 . 0 2 2

5.000 0.042 0.957 0 . 0 0 1

ahbt ll H0:> u p L M )
brkSize HO 111 H in f

0 . 0 0 0 0.944 0 .0 2 1 0.055
0 . 1 0 0 0.955 0.019 0.046
0 . 2 0 0 0.852 0.048 0 . 1 0 0

0.500 0.569 0.248 0.585
1 .0 0 0 0.142 0.642 0.216
2 . 0 0 0 0.059 0.919 0 . 0 2 2

5.000 0.057 0.962 0 . 0 0 1

avgS
brkSize HO H I H in f
0.000 0.940 0.000 0.060
0.100 0.955 0.001 0.066
0.200 0.857 0.005 0.158
0.500 0.588 0.049 0.565
1.000 0.167 0.255 0.580
2.000 0.066 0.557 0.597
5.000 0.042 0.427 0.551

sup I.M
brkSize HO H I H in f
0.000 0.944 0.000 0.056
0.100 0.955 0.000 0.065
0.200 0.852 0.000 0.148
0.500 0.569 0.005 0.62K
1.000 0.142 0.055 0.825
2.000 0.059 0.556 0.605
5.000 0.057 0.115 0.54 k

alibt5| HO MipS 1
brkSize (10 H I H in f
0.000 0.942 0.016 0.042
0.100 0.926 0.029 0.045
0.200 0.857 0.055 0.10K
0.500 0.558 0.248 0.594
1.000 0.149 0.659 0.212
2.000 0.057 0.920 0.025
5.000 0.055 0.965 0.002

91

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

Table .j.IO : I 'n i fo r m ly  D is tr ib u te d  In te r io r B rk : A ( I /8 ) .  59f cv. T = 1 0 0 0

ahbt
brkS ize HO H I H in f
0.000 0.946 0.020 o.o:?4
0.100 0.907 0.0.1.') 0.058
0.200 0.749 0.090 0.161
0-')00 0.414 o.:?:?i 0.252
1.000 0.240 0.697 0.065
2.000 o.i:?:? 0.865 0.002
5.000 0.084 0.916 0.000

avgS
brkSize HO 111 H in f

0 . 0 0 0 0 .9 59 0 . 0 0 1 0.040
0 . 1 0 0 0 .912 0.004 0.084
0 . 2 0 0 0 .704 0.008 0.288

0.500 0 .2 58 0 .1 :16 0.626
1 .0 0 0 0 .1 09 0.429 0.462
2 . 0 0 0 0 .0 55 0.51.5 0.4:52
5.000 0 . 0 2 2 0.4:17 0.541

supS
brkSize HO I I I H in f

0 . 0 0 0 0.949 0 . 0 0 0 0.051
0.100 0.907 0 . 0 0 0 0.09:?
0.200 0.685 0.001 0.U14
0.500 0 .2 12 0.018 0.770
1 .0 0 0 0.090 0.265 0.645
2.000 0.045 0.619 o.:?:?6
5.000 0.016 0.729 0.255

a lib t2 l H 0:avgS i
brkSize HO 111 H in f

0 . 0 0 0 0 .959 0.017 0.024
0 . 1 0 0 0 .9 12 0 .0.11 0.057
0 . 2 0 0 0.704 0.105 0.191
0.500 0 .2 :? 8 0.447 o.:il5
1 .0 0 0 0 .109 0.819 0.072
2 . 0 0 0 0 .055 0.944 0 . 0 0 1

5.000 0 . 0 2 2 0.977 0 .0 0 1

a h b t l(  IlU is u p I.M  )

s u p l.M
brkSize HO H I H in f

0 . 0 0 0 0 .955 0 . 0 0 0 0.045
0 . 1 0 0 0 .9 22 0 . 0 0 0 0 .0 7 *
0 . 2 0 0 0 .699 0 . 0 0 0 o.:?oi
0.500 0 .217 0.004 0.779
1 .0 0 0 0 .0 96 o. 1:?:? 0.771
2 . 0 0 0 0 .042 0.426 0.5:12
5.000 0 . 0 2 1 0 . 1.15 0.544

ahbt:fl HO :m i |>S i
brkSize HO 111 H in f

0 . 0 0 0 0 .949 0 . 0 2 0 0 .0 :l 1

0 . 1 0 0 0 .907 0 .0 .1 2 0.061
0 . 2 0 0 0 .685 0.1 !5 0 . 2 0 0

0.500 0 . 2 1 2 0.16  1 0 . : 1 2 1

1 .0 0 0 0 .090 o.8:$8 0.072
2 . 0 0 0 0 .045 0.95:1 0 . 0 0 2

5.000 0 .0 16 0.98.1 0 .0 0 1

brkS ize HO H I H in f
0 . 0 0 0 0 .955 0.019 0.026
0 . 1 0 0 0 .9 22 0.029 0.049
0 . 2 0 0 0 .6 99 0.108 0.19:?
0 .500 0 .217 0.462 0 ..1 2 1

1 .0 0 0 0 .0 96 0.8:14 0.070
2 . 0 0 0 0 .042 0.955 O.OO:?
5.000 0 . 0 2 1 0.978 0 .0 0 1
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T a b le  '».! 1: l|</) D (;P :

ah b t
d HO H I H in f

0.000 0 .0 64 0 .0 02 0.021
0.250 0 .6 0 0 0 .0 1 5 0.255
0.500 0.291 0 .0 7 7 0.622
0.750 0 .1 6 0 0 .0 6 5 0.775
1.000 0 .0 92 0.061 0.846

A l l / 8 ) .  59f cv . T = 2 0 0

avgS

d HO H I H in f
0 .000 0 .957 0 .0 00 0.042 1
0.250 0 .455 0 .009 0.526
0 .500 0 .066 0 .025 0.899
0.750 0 .006 0 .045 0.919
1.000 0 .000 0.051 0.949

supS
d HO H I H in f

0.000 0 .9 5 9 0 .0 00 0.041
0.250 0 .4 00 0.001 0.599
0.500 0.051 0 .0 16 0.922
0.750 0 .0 04 0 .0 2 8 0.958
1.000 0.001 0 .0 6 2 0.927

a h b t2 ( H 0 :avg S )
d HO H I H in f

0.000 0 .9 57 0 .0 08 0.025
0.250 0 .4 55 0.071 0.474
0.500 0 .0 6 6 0 .094 O.MIO
0.750 0 .0 06 0 .0 7 6 0.918
1.000 0 .0 00 0 .0 62 0.928

ahbt ll (10 s u p l.M
<1 HO H I H in f

0.000 0 .9 62 0 .0 1 2 0.026
0.250 0 .2 6 2 0.0,S7 0.551
0.500 0 .0 29 0 .0 9 7 0.874
0.750 0 .0 02 0 .0 76 0.922
1.000 0 .0 00 0 .0 6 2 0.92m 1

su p L M
d HO H I H in f

0 .000 0 .962 0 .000 0.028
0 .250 0 .262 0.001 0.627
0.500 0.029 0 .012 0.959
0.750 0 .002 0.021 0.967
1.000 0 .000 0.059 0.941

a h b t2 | H0:supS)

d HO H I H in f
0 .000 i 0 .959 0.009 0.022
0.250 0.400 0 .075 0.525
0.500 0.051 0 .095 O.M54

0.750 0.004 0 .076 0.920
1.000 0.001 0 .062 0.927
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T ab le  5 .12: 1(d) D d l ’ : A | l / 8 ) .  59? cv. T = 5 0 0  

ahb t a 'g S
d HO H I H in f

0 .000 0 .958 0.018 0.041
0.250 0 .182 0.085 0 .455
0 .500 0 .202 0.099 0 .699
0 .750 0 .102 0.056 0.842
1.000 0 .057 0 .059 0.904

supS
<1 HO H I H in f

0 .000 0 .945 0.000 0.055
0.250 0.165 0.002 0.855
0.500 0.005 0.015 0.984
0.750 0 .000 0 .028 0.972
1.000 0.000 0 .056 0.961

ahb t2 ( HO:avgSi
d HO H I H in f

0 .000 0.945 0.020 0 .057
0.250 0.259 0.126 0 .655
0.500 0.009 0.116 0 .875
0.750 0 .000 0.060 0 .910
1.000 0 .000 0.04 I 0 .959

ahbt 1( HO MipI.Nl

<! 110 H I H in f
0 .000 0.959 0 .019 0.022
0.250 0.151 0.146 0.705
0.500 0.000 0 .116 0.884
0.750 0.000 0 .060 0.940
1.000 0.000 0.041 0.959

d HO H I H in f
0 .000 ! 0 .945 0.000 0.057
0.250 0.259 0.025 0.758
0 .500 ! 0 .009 0.054 0.957
0 .750 i 0 .000 0.042 0.958
1.000 ; 0 .000 0.056 0.964

snpL.M
d 110 H I H in f

0 .000 I 0 .959 0.000 0.041
0.250 0.151 0.005 0.846
0.500 i 0 .000 0.006 0.994
0.750 0 .000 0.025 0.975
1.000 0 .000 0.057 0.965

a h b t5 ‘ HOrsnpSi
<1 110 111 H in f

0 .000 0.945 0.019 0.056
0.250 0.165 0.142 0.695
0.500 0.005 0.116 0.881

0.750 0 .000 0.060 0.910
1.000 0 .000 0.041 0.959
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T ab le  5. i3 : I(</) D C P :  A ( l / 8 ) .  59{ rv . T =  1001) 

ahbt avgS
d HO H I H in f

0 .000 0.930 0.022 0 .012
0 .250 0.-135 0.111 0.15-1
0 .500 0.121 0.098 0.781
0 .750 0.069 0.065 0 .866
1.000 0.01-1 0.0-11 0.915

supS
d HO H I H in f

0.000 0.948 0.001 0.051
0.250 0.088 0.004 0.908
0.500 0.000 0.011 0 .986
0.750 0.000 0 .037 0 .963
1.000 0.000 0.038 0.962

ahb t'il H 0:avgS)

d HO H I H in f
0 .000 0.942 0.019 0.039
0.250 0.158 0.152 0.690
0.500 0 .0 0 1 0.106 0.N93
0 .750 0.000 0.072 0.928
1.000 0.000 0.0-13 0.957

ahbt l| H O x ip I .M  i
d HO 111 H in f

0 .000 0.951 0.015 0.031
0 .250 0.075 0 .165 0.760
0 .500 0.000 0.106 0.89-1
0 .750 0.000 0.072 0 .9 2 *
1.000 0.000 0.013 0 .957

<1 HO H I H in f
0 .000 0.942 0.001 0 .057
0 .250 0.158 0 .036 0.806
0 .500 0.001 0 .010 0.959
0 .750 0.000 0.054 0.9-16
1.000 0.000 0 .042 0 .958

sup LM
d HO H I H in f

0 .000 0.951 0 .000 0.019
0 .250 0.075 0 .002 0.923
0.500 0.000 0 .0 0 * 0.992
0.750 0.000 0.032 0.968
1.000 0.000 0.041 0.956

a h b t3 | H 0:supSi
d HO I I I H in f

0 .000 0.918 0 .0 1 * 0.031
0 .250 0 .0 * * 0.164 0 .7 1 *
0 .500 0.000 0 .106 ().*<) 4
0 .750 0.000 0 .072 0 .9 2 *
1.000 0.000 0 0 13 0.957
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Chapter 6

Fixed-Income Returns and 
Yields: Long Memory or 
Structural Instability?

( ’a like  equ ity  return?*, m any fixed-incom e return  measures app ear to  d isplay considerable loan  

m em ory. I liis holds p a rtic u la rly  strongly for s h o rte r-m a tu r ity  Treasury securities in the I .S. 

la  a  num ber o f recent paper?*. ( i  ranger has argued th a t long m em o ry  in return?* m a j o n h  relied  

infrequent s tructura l breaks. He finds the case for loin? m entor} in v o la tility  m uch stronger. 

Parke | l!)9 9 j <levelo[>s a m odel tha t generates long m em ory through  a type o f s tru c tu ra l shift. 

In this paper, we show th a t the extent of long m entor} depend?* cruc ia ll} on w hether gross 

or excess returns are under consideration and we provide a s im p le  dem on stra tio n  o f w h; this 

d is tin c tio n  is so im p o rta n t. W e also explore the im pact o f s tru c tu ra l in s ta b ility  on tests for 

long m entor} using a version o f the s u p l . M  test developed by Andrew s |l! )9 .'ii. H rieflv. we 

find evidence o f long m em ory in gross returns, yields am i te rm -p re m ia  even a fte r accounting  

for s tru c tu ra l shifts in a num ber o f different ways.

6.1 Introduction

Finance research on the Treasury security m arket is extensive, and there are m any papers that 

characterize  d ifferent features o f the d is tribu tion  o f Treasury  security returns a m i vo la tility . 

T h is  paper extends the existing  research by docum enting  the long m em ory properties o f T rea

sury security returns and by presenting some evidence on the sources o f the long m em ory. O ur
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research is prom pted by the fact th a t b ill a n d  bond returns display a lead ing  characteris tic  of 

long m em ory: the ir au to co rre la tio ns  are large , but die out very slow ly (especia lly  com pared  

to  eq u ity  return  au to co rre la tio ns). T h is  a u to co rre la tio n  property is an im p o rta n t feature o f 

fractionally -d ifferenced  tim e-series m odels, ana lyzed  by G ranger ( 1 9 *0 ). H osking  (1 9 *1 ) . and  

(Jeweke and  Porter- H udak (1 9 * 3 ) .

Perhaps the most im p o rta n t question to  address is why finance researchers should take  

an interest in long-m em ory m odels, p a rtic u la rly  since app lications o f  these m odels to  equity  

d a ta  have found litt le  credible  evidence o f long m em ory. O ne direct answ er is th a t unlike the 

equ ity  lite ra tu re , we find strong  evidence o f  long m em ory in all o f our d a ta  series except excess 

re turns. T h is  em pirica l reg u la rity  is im p o rta n t because M andelb ro t (1 9 7 1 ) shows th a t there 

m ay be a rb itra g e  o p p o rtu n ities  in asset m arke ts  w ith  long m em ory.

f  inan c ia l risk m anagem ent systems ty p ic a lly  use time-series representations o f  return  be

hav io r. but long m em ory does not app ear to  be incorporated in to  these p ro d u c ts .1 This 

assum ption  m ay he a reasonable a p p ro x im a tio n  for short-horizon risk m an a g e m en t, but ne

glected long-m em ory com ponents in re turn  and  vo la tility  phenomena may lead to  inaccuracies 

in m odeling  and m anaging longer-horizon  risks. The consequences o f using an in ap p ro p ri

a te  t im e  series model in this setting  are not well known, but probably m erit study for some, 

longer-horizon risk m anagem ent problem s.

T h e  unique loug-horizou forecasting  p roperties  of long-m em ory m odels I w hich we discuss 

in Section ti.2) make them  in teres ting  to  study, especially given the current interest in re

tu rn  p red ic tab ility , p articu larly  at long horizons. Andersson (1 9 9 * )  shows th a t ignoring  long 

m em ory in forecasting exercises when it exists is worse than im posing long m em ory when it 

does not exist. Long m em ory is also im p o rta n t for pricing models. Backus and  Z in  (1993 ). 

Bollerslev and M ikkelsen | I9 9 fi) .  and C o m te  and  Renault ( 199f>) are a few exam p les  o f papers 

w hich explore the consequences o f long m em ory for pricing bonds, equity op tion s, and  interest 

rates options.

W e docum ent the long m em ory properties  o f Treasury B ill and B ond gross and  excess 

hold ing  period returns, yields and the te rm -p re m iu m . To do this, we test for long memory 

using a test s ta tis tic  developed by K w ia tk o w s k i. Phillips. Schm idt, and Shin  11993). W e show

1 R is k m e tr ic s  is on** e x a m p le . T h e  d o c u m e n ta t io n  p ro v id e d  fo r  th e  s o ftw a re  a p p e a rs  to  in d ic a te  c le a r ly  th a t  

A R l M A f p .  d . q )  m o d e ls  w ith  d  set e i th e r  to  r e r o  o r  to  o n e  a re  s ta n d a rd  in  th is  r is k  m a n a g e m e n t  p ro d u c t.
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tha t w eekly gross ho ld ing  period returns on T reasu ry  B ills  d isp lay  strong evidence o f long 

m em ory, even a fte r accounting  for sho rt-te rm  dependence in the series. Treasury Bond holding  

period returns, on the o th er hand, do not appear to  have long m em ory . In teresting ly, we find 

th a t excess returns on lo n g er-m atu rity  b ills and  bonds show no evidence o f long m em ory. We 

also find a strong degree o f persistence in yields and  te rm -p re m iu m  across securities.

W h a t produces long mem ory'.’ Recent work m akes it c lear th a t s truc tu ra l in s ta b ility  m ay  

produce (spurious) evidence o f long m em ory. L o b a to  and  Savin  (199Mi w arn em p irica l in 

vestigators about the possibility  tha t s tru c tu ra l in s ta b ility  m ay lead to  m is in te rp re ta tio n  o f  

long m em ory evidence. (Granger and H yung (199!)) show th a t a linear process w ith  s truc tura l 

breaks can m im ic  long m em ory series and present s im u la tio n  evidence that long m em ory in al>- 

solute SX:P ")00 re turns is m ore likely due to  s tru c tu ra l breaks than  an underly ing  I(d> process. 

H ightow er and Parke ( I9 9 9 i  dem onstrate  tha t ce rta in  s tru c tu ra l s ta b ility  tests and p articu la r  

tests for long m em ory are related to  one ano ther: each is a specific function o f a com m on  

s ta tis tic  based on the cu m u la tiv e  sums o f the e rro r process. This im plies there is am bigu ity  

in the in te rp re ta tio n  o f tests for long m em ory: evidence o f an l(d :  process m a t actually  be 

stru c tu ra l in s ta b ility  in disguise, fo r  these reasons and  because I .S . debt m arkets h a w  expe

rienced change over o ur sam ple jjeriod. we report a d eta ile d  analysis  o f how p artic u la r sample  

p artitio n s  (corresponding to  specific m arket changes: affect the evidence for long m em ory. We  

also use the sup /. A / test o f  Andrews (199.T: and the  sequentia l break test o f Bai and Perron 

12001) to  identify likely s truc tura l breaks in the t im e  series.

O u r em p irica l work uses a sample o f hand-collected  weekly ho ld ing  period returns on sewn  

I nearly c o n s ta n t-m a tu rity  ) Treasury bills and bonds covering  the Ju ly  1902 May 1990 period. 

Section 0..'? o f the (taper reports further deta ils  on the  sam ple

In the next section, we discuss the properties o f  frac tio na lly -d iffe ren ced  tim e  series, their 

p o ten tia l use in m o d elin g  expected returns, and a test for long m em ory . Section 0 .2  describes 

our d a ta . Section 0 . 1 reports  our em pirical results for the lo n g -te rm  m em ory test and analyzes  

the s tru c tu ra l s tab ility  issues A final section sum m arizes  the  issues considered in the paper 

and discusses the im p lic a tio n s  o f our findings.

9S
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6.2  Long-M em ory P rocesses

6.2 .1  In tro d u c tio n  to Long M e m o ry

N o rm a lly , only integer powers o f d  are considered in A R IM A lp .  d.  7 ) m odels, but there is no 

m a th e m a tic a l or s ta tis tica l requirem ent th a t d  take  on only integer values (e.g .. d = l  yields a 

first-d ifference m o d el). In a frac tionally -d ifferenced  m odel, d can take  on non-integer values 

and the resulting tim e  series ra n  exh ib it some p a rtic u la rly  in teresting  dependencies. (Ira n g e r  

and Joyeux ( I a n d  Hosking 11981) show th a t extending  the lag o p era to r to  non-integer 

powers o f d results in a w ell-defined tim e  series th a t is frac tio na lly  in tegra ted  o f order </.*’ The 

differencing operator m ay be w ritten

( i  - 1 . ) * = " i r i
k - 0 ^ * '

leading to the fo llow ing representation o f a t im e  series where — t\ — 0:

*  ̂ I ^  — </ •
^ - L v y  =  Y . i i L , l ) U k + v , y ^

fc-0

Here. I is the usual g am m a  function.

In  his excellent survey paper. H a illie  (1 9 % ) reviews a num ber o f d ifferent long-m em ory  

m odels. O ne sim ple m odel is an A R F IM A  10.»/. t)i process given by

(1 -  I. I 'h y, — f i )  =  >, iti.lt)

I his m odel is studied in ( Ira n g e r I l 9 * 0 i .  ( ira n g e r and Joyeux ( I 9 * 0 i .  and Hosking 119*1 ).

I heir work shows than  when d  <  the series has fin ite  variance, but for d  =  the series has 

in fin ite  variance. The tim e  series is s ta tion ary  and invertib le  when — <  d  <  ■’>. For d  =

s tan dard  Hox-Jenkins techniques w ill ind ica te  th a t differencing is required  am i provided tha t  

d  <  1. d ifferencing w ill produce a series whose spectrum  is zero at zero frequency. T h is  

heavily-used m odel is a special case o f an A R F IM A  (/>.(/.</) process given by

<J>( J. Ml -  L ) d \ y t — f t )  = 0 ( / . ) ( , I !>.■!)

w here [> =  <] =  0.

2 See a lso  R o b in s o n  ( 1U7S) fo r  e a r ly  a n a ly s is  o f  lo n g -m e m o ry  m o d e ls .
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Fractio na lly -d iffe ren ced  tim e-series m odels have very interesting long-run  forecasting  prop

erties. A fra c tio n a l w h ite  noise series y t !(</) m ay  be represented as an M A ( x )  process 

where the  m o v ing  average coefficients decline s low ly  fo llow ing the fo rm  b, ~  .-I?-1  w here .1 

is a constan t. A  s ta tio n a ry  A R M A (p . </) w ith  in f in ite  p and q w ill have coefficients th a t de

cline a t least e x p o n en tia lly : t>; ~  .10-'. O n e  im p o r ta n t im p lica tio n  o f these s ta rk  differences 

in  coefficient decay rates is th a t a frac tio na lly -d iffe ren ced  m odel m ay  provide b e tte r long-run  

forecasts from  a  very s' f V  m odel com pared  to  A R M A (p ,< / ’i m odels w here /> and  </ are  la rg e .’ 

In p rin c ip a l, p a ra m e te riza tio n * o f both  fin ite -o rd er A R M A  and frac tio na lly -d iffe ren ced  tim e  

series can produce dependence in a t im e  series. T h e  rate  at which past in fo rm a tio n  ceases to 

be useful in forecasting fu tu re  Valin's d iffers im p o rta n tly  across these m odels. A com parison  

o f the autocorre logram s for a frac tio na lly -d iffe ren ced  tim e series w ith  </=(). 1 and  an A R ( 1 i 

process w ith  p =0 .'>  provide a nice illu s tra tio n . T h e  first a u to co rre la tio n  for each series is 

nearly iden tica l 10..') vs. (M il but the decay rates a re  quite  d iffe ren t. Ih e  au to co rre la tio ns  

decline very slow ly for the frac tio na lly -d iffe ren ced  scries, but fall q u ite  rap id ly  to  zero  for the  

A R ( I t process. I his is an exam p le  o f why frac tionally -d ifferenced  tim e  series d isplay greater 

persistence th a n  A R  (o r A R M A  ' processes, and why they may be in teresting  in research on 

debt in s tru m en t y ie ld  and return  d is trib u tio n s .4

6.2 .2  M odels  o f Persistent E xp ec ted  R eturns

K xisting  tim e  series models o f expected returns can be cast in term s o f A R F IM A  m odels. Io  

see th is, begin w ith  the fo llow ing  expected re tu rn  m odel:

H,  =  f-’r _ I ( R,  I +  >, (t)..Yl

where R,  is the asset re tu rn  at t im e  I.  K  is the expectations o p era to r, and  t t is a m ean zero, 

constant variance erro r term  w ith  the property =  0 for a ll j .  I f  the expected  return

3 K*>r fu r th e r  . lis ru s s iu ti u f  th e  a u to c o rr e la t io n ,  a u to c o v a r ia n c e . an<l g e n e ra l fo re c a s t in g  p ro p e r t ie s  o f  long-  
m e m o ry  m o d e ls . see H a il l ie  (

4 In  f a c t . { I I W 1) sho w s th a t  a  f ra c tio n a lly -d if fe re n c e d  n n x ie l  can  reproduce* t h e  g e n e ra l p a t t e r n  o f  v a r ia n c e  

r a t io  re s u lts  re p o r te d  in  th e  e q u ity  l i t e r a tu r e .  In  p a r t ic u la r ,  h e  shows th a t  a  c o m b in a t io n  o f  a n  A K ( 1 )  a n d  
f ra c t io n a lly -d if fe re n c e d  m o d e ! w ith  d-i).2~y w il l  p ro d u c e  v a r ia n c e  ra tio s  a b o v e  o n e  a t  s h o rt  h o r iz o n s  a n d  b e lo w  
o n e  a t  lo n g e r  h o r iz o n s . T h is  suggests th a t  f ra c t io n a lly -d if fe re n c e d  m o d e ls  m a y  h a v e  s p e c ia l im p o r ta n c e  in  

o n g o in g  e m p ir ic a l  in v e s t ig a tio n s  o f  lo n g -ra n g e  d e p e n d e n c e  in c a p ita l  m a rk e ts . L o 's  o w n  re s u lts  sug gest th a t  
th e re  is l i t t l e  e v id e n c e  o f  lo n g - te rm  m e m o ry  in  I S. e q u ity  in d e x  re tu rn s  once  s h o r t - ru n  d e p e n d e n c ie s  have  

b ee n  a c c o u n te d  fo r  in  tes ts  fo r  lo n g -m e m o ry .
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is a constant (p ) .  we m ay  w rite

R, -  p  — I ,  Iti.ti)

T h is , together w ith  assum ptions abo ut the properties o f  the <( series, yields the com m on  

random  w alk  m odel o f asset prices, a  special case o f A R F IM A  w here p —0 . < /= l .  and </=().

M ore genera lly , va ry ing  assum ptions about the expected re tu rn  process can produce p ar

ticu la r special cases o f an A R IM  A lp . d. q) m odel whose general fo rm  is

<fr( I. )| 1 -  L )d { R t ) - B ( I. )*r i t i.7 1

where a ll term s are  as defined in  the previous section. K an  and Lee ( l ! ) ! ) l )  show that the  

constant expected re tu rn  m odel ob ta in s  when d —0 in |f>.-Vl. Hence, find in g  a nonzero value  

o f d  im plies the presence o f lon g-m em ory  com ponents in asset returns. I his im plies lagged 

returns w ill be useful in forecasting long-horizon fu ture  returns (i.e .. there is persistence in 

asset returns'!.

6.2 .3  Testin g  fo r Long M e m o ry

K w ia tko w sk i. P h illip s . S ch m id t, and Shin I l!)!)2 i develop a test for l|( ) i  behavior which is 

consistent against an I ld i  a lte rn a tiv e  and can be helpful in d is ting u ish ing  long m em ory from  

short m em ory. I he null hypothesis o f the ir test is tha t a tim e  series is I|U ). but under the  

a lte rn a tive  hypothesis, the tim e  series displays | | i / i  Iw h av io r (w ith  d <  1). Lee and Schm idt 

11!)%} provide fu rth e r analysis o f  this approach to testing  for long-m em ory effects. I heir 

M onte ( 'a rlo  evidence suggests th a t the KPSS test has power com parab le  to  Lo's robust R / S  

statis tic  in d is ting u ish ing  1(0) fro m  1(d) behavior.

T h e  first step in c a lcu la tin g  the K P S S  test s ta tis tic  is to form  the p a rtia l sum (> ’, j o f the 

residuals fro m  the  dem eaned series.' T h e  test sta tis tic  is given by

< ; / . s f ( t )  («>..H)

where the d e n o m in a to r is the autocorrelation-consistent variance e s tim a to r defined by

r r r
s - ( 7 i  =  7 - 1 + 2 7 - 1 £ « ■ ( * . ) )  ^  » ( ' ( - .  I t i . ! ) )

i -  i > = i r - j  + i

5 T h e re  is a n o th e r  v e rs io n  o f  th e ir  te s t ,  t fT . whi<*h is r o n s t r u r te d  in  th e  s a m e  w ay  e x c e p t th a t  th e  res id u a ls  

are  d e r iv e d  fro m  a  re g re s s io n  th a t  in v o lv e s  a  t im e  tre n d  as w ell as in te rc e p t  te rm .
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This  robust variance e s tim a to r is based on P h illips (19 8 7 ). w ho  dem onstrates its consistency 

under c e rta in  conditions and  N'ewey and W est (1987). w ho suggested the w eighting  scheme 

tc fs .f)  — 1 — j ! ( (  +  I )  to  guaran tee  th a t the variance e s tim ate  is positive sem i-defin ite .

Lo (1 9 9 1 ) shows th a t short-range dependence (well docum ented  in eq u ity  prices by Lo and  

M a c K in la y  (1 9 8 8 ). and  C o nrad  and  K au l (1 9 8 9 )) may com prom ise inferences about the pres

ence o f long-range dependence. Em bedded in the KPSS test is a som ew hat different view of 

long-range dependence th an  is apparent in the long-horizon equity re turns lite ra tu re . Aside 

from  som e technical conditions, the null hypothesis o f no long-range dependence e lim in ates  in 

fin ite  variance m arg in a l d is trib u tio n s  and encompasses a s tro n g -m ix in g  condition  tha t requires 

h igher-order au to co rre la tio ns  to  fa ll in size as the lag length increases. T h is  means that the 

series o f au to co rre la tio n s  disp layed by a tim e  series under the null hypothesis decays rap idly. 

Included in the null hypothesis, then, are a ll fin ite-order A R M A  m odels. T h e  null hypothesis  

of no long-range dependence includes w ell-know n models o f  re tu rn  dependence (see ( 'am phell 

et al. I 1997) for d e ta ils !. Put ano ther way. the null hypothesis in the K P S S  test excludes 

return  behavior th a t is q u ite  different from  the au tocorre lation  series com m only  reported in 

earlier w ork.

Since the o p tim a l num ber o f autocovariances is not known ex ante , we com pute  //„, u using 

a num ber o f different autocovariances, t .  T h e  tradeoff is th a t using too few autocovariances  

produces an inad equ ate  bias correction , but using too m any leads to  low |>ower since higher- 

order autocovariances are m ore im precisely estim ated.

6.3 D ata

In the subsequent em p irica l analysis, we analyze  weekly gross a n d  t r r t s s  h o ld in g  /»  m x i  i t  tu rn s  

on I .S. treasury  securities. I he basic return  d a ta  set contains weekly holding period  returns  

on one-, th ree -, s ix -, and 12-m onth  Treasury R ills and three-, five-, and 10-year Treasury Bonds 

for the Ju ly  19G2 through  M ay  199ti period .6

W eekly ho ld ing  period  returns were calcu lated  by tak in g  the  log difference o f this Wednes

d a y ’s bid price and last W ednesday's ask p r i 'e  and adding in the  percentage return  associated

6 I  he  o r ig in a l  w e e k ly  r e tu r n  d a ta  was* c o lle c te d  l>y ( ia u t a m  K a u l a n d  v e ry  g ra c io u s ly  p ro v id e d  to  us. W e  
a re  g ra te fu l  to  P a is a n  L im ra ta n a n io n g k o l  w h o  u p d a te d  a l l  th e  d a ta  series fo r  us.
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w ith  accrued interest. The bid  and ask prices used to  ca lcu la te  the weekly re turn  were for the  

same security. How ever, the security used in  the c o m p u ta tio n s  was frequently changed so as to  

m a in ta in  a  fa ir ly  constant m a tu r ity  re turn  series. In  no case, though, were prices on d ifferent 

securities used to  m ake re tu rn  com putations. T h e  l>asic T reasury  b ill and bond price d a ta  is 

fro m  the W a l l  S t r t t t  J o u r n a l . '

W e com puted  six excess return measures: the w eekly  ho ld ing  period re turn  on 10-year 

l>onds (and  five-year., th ree-year.. 12-m onth , s ix -m o n th , and  three -m o nth ) less the  weekly  

holding period  re turn  on one-m onth  bonds. T h is  gives the  e x tra  return earned by hold ing  a 

lo n g e r-m a tu rity  T reasury debt instrum ent vs. s h o rt-m a tu r ity  Treasury debt.

6.4 Em pirical R esults

6.4.1 Full Sam ple Results

W e use the K P S S  s ta tis tic  to  test for long m em ory. T h e  results o f the KPSS test on the full 

sam ple returns, excess returns, yields, and te rm -p re m ia  are  reported in the panels o f T a b le  t i.l 

labeled “ Pull S am ple” .

Por a ll o f the return  series except the weekly returns on three-, f i x a n d  10-year Treasury 

bonds, the null hypothesis o f  s ta tion arity  is strongly rejected in favor o f an Il</i process. I he 

K P S S  test s tatistics c learly  im p ly  tha t weekly gross fixed incom e holding period re turns disp lay  

long m em ory. I he evidence o f persistence is even stronger in the yields and te rm -p re m ia . w here  

alm ost a ll o f the series reject for all choices o f a u to co rre la tio n  truncation  p ara m e te r. >. The 

exception  is the 12-m onth  over ll-m onth  te rm -p re m iu m , w hich  fails to  reject s ta t io n a rity  when  

t <  0.

Por weekly t r r t s s  ho ld ing  period returns, the K P S S  values show very lit t le  evidence o f 

lon g -te rm  dependence. This stands in sharp  contrast to  o ur jus t-no ted  findings ab o u t long 

m em ory in gross holding period returns. It suggests th a t em p irica l asset p ric ing  w ork th a t  

focuses on excess returns can safely ignore the im p lic a tio n s  o f neglected long m em ory.

' O n e  m o t iv a t io n  fo r  u s in g  in d iv id u a l s e c u rity  d a t a  is to  a v o id  a g g re g a t io n  o f  m u lt ip le  s e c u r ity  r e tu r n s  w h e re  

p o s s ib le , ( i r a n g e r  ( l ‘J 8 0 ) p ro v id e s  a n  ana lys is  o f  c o n d it io n s  u n d e r  w h ic h  a g g re g a t io n  can  p ro d u c e  lo n g  m e m o ry .

m
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6.4 .2  S am ple  Selection and S tru c tu ra l S ta b ility

W h ile  o ur t im e  series sam ples o f  ho ld ing  period  returns are fa ir ly  long, we need to  address 

a  fu n d am en ta l issue in a ll e m p iric a l studies o f  long-m em ory processes. W ith  a  stab le under

ly ing  s tructure , high frequency effects m ay be found by sam p ling  very frequently, but over a 

re la tive ly  short t im e  period  ( i.e .. sam ple every 15 seconds for three business days). T h e  long- 

m em ory phenom enon we are interested  in  m ay  be m easured accurately only  in long sam ples, 

i.e .. sam ples w hich extend  over m any rea liza tio ns  o f the long-m em ory process. T h is  is perhaps  

best achieved w ith  sam ples th a t cover m an y  years (say. ‘200 years), but where the process is 

not sam pled w ith  high frequency. W h a t is needed for long- m em ory  em pirical studies is a long  

sam ple rea liza tio n  o f  the process (i.e .. 200  years), p a rtic u la rly  one tha t is not sam pled so often  

that short-run  dependencies d o m in a te  the  sam p le  properties o f the  data .

T h e  d ifficu lty  here is tha t the  u n d erly in g  structures o f debt markets, instrum ents , and  

trad in g  in s titu tio n s  and  practices have not been stab le over periods o f even 50 years. let alone  

100 to  200 y e a r s /  As L obato  and Savin  (l'JO Si suggest, this in s ta b ility  may lead to  spurious  

evidence o f long m e m o ry .9 In  our se tting , the task is to  provide the longest possible sam ple  

w hile recognizing t hat ex ten d in g  the lengt h o f  the  sam ple increas«*s t he p ro bab ility  o f st ruct ural 

in s ta b ility .1"

Lobato  and  S av in  I l'JOM) assess the fra g ility  o f ev idence for long m em ory by s p littin g  the ir 

sam ple o f d a ily  re turns and squared re turns in to  sub-sam ples. I'hey recom pute the ir tests for. 

anti measures o f. long m em o ry  for each sub -sam ple , and then com paring inferences from  the  

whole sam ple and  the  sub -sam ples .11 T h e  analysis  in H ig htow er and Parke (1(199) indicates  

that s tru c tu ra l sh ift tests and the  K P S S  test for !(</) (versus I((J i) behavior are both functions  

o f the same te rm : the  ra tio  o f the p a rtia l sum s o f  the series to  a consistent variance es tim ate  for

* O n e  e x a m p le  is t h e  t re a s u r y  F ed  A c c o rd  o f  ltt.VJ t h a t  e n d e d  th e  F ed 's  e x p lic it  p o licy  o f  m a n a g in g  T reas u ry  

b o rro w in g  cos ts. A  m o re  r e r e n t  e x a m p le  is th e  s h if t  in  F ed  o p e ra t in g  p ro c e d u re s  in  O c to b e r  P O J .

5 In d e e d . D ie b o ld  ( 1 9 8 b ) a rg u e s  th a t  e v id e n c e  o f  in te g r a te d  in  v a r ia n c e  <»A R C H ,  a n o n s ta tio n a rv  c o n d it io n a l  
v a r ia n c e  m o d e l, is r e a l ly  a n  in d ic a t io n  o f  u n d e r ly in g  in s ta b il i ty .  L a s t ra p e s  ( I W 1 )  p ro v id es  c o n s id e ra b le  e v id e n c e  

in  fa v o r  o f  D ie b o ld ’s in te r p r e ta t io n .

10 Id e a lly , in s t a b i l i ty  te s ts  such as th o s e  d e v e lo p e d  in  H a n s e n  ( 19 9 2 ) m ig h t  b e  used to  reso lve  th e  in s ta b il i ty  
issue e m p ir ic a l ly .  I ’n f o r tu n a te lv .  th e s e  te s ts  a re  n o t a v a ila b le  fo r  o u r  a p p lic a t io n .  H id a lg o  a n d  R o b in s o n  ( 19*# i) 

have s tu d ie d  th e  issue o f  s t r u c t u r a l  c h a n g e  in  th e  m e a n  w ith  lo n g  m e m o ry  fo r  th e  case w h e re  th e  t im e  series  

are  G a u s s ia n . T h e re  is s u b s ta n t ia l  e v id e n c e  r e je c t in g  G a u s s ia n ity  fo r  f in a n c ia l  m a rk e t re tu rn  series , so th is  test 
does n o t seem  to  b e  p a r t ic u la r ly  a p p ro p r ia te  fo r  th e  p ro b le m  we a re  s tu d y in g  h ere .

11 T h e re  is e v id e n c e  i d  s u b -s a m p le  in s t a b i l i ty  f ro m  th e  e q u ity  m a rk e t  m e a n -re v e rs jo n  l i t e r a t u r e .  In  p a r t ic u la r ,  
see K im  a n d  N e ls o n  ( 1 9 9 8 ) a n d  th e  re fe re n c e s  th e r e in .
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th a t series. O ne in te rp re ta tio n  o f the ir theo re tica l results is tha t “ la rg e* K P S S  test s tatistics  

can be in terpreted  as evidence o f a s tructu ra l s h ift. T h is  im plies it  is p a rtic u la rly  im p o rta n t  

to  assess the robustness o f the results reported  for th e  fu ll samples to  changes in the  sam ple  

endpoints .

W e explore the  fra g ility  o f long m em ory evidence by com paring  inferences across sub

sam ples and our fu ll sam ple. As a crude check on our earlier find ings, we recalculated  the  

K P S S  test statistics using these sam ple b reakpo in ts  and checked the s ta b ility  o f the long- 

range dependence test s ta tis tics  across the e a rly  an d  la te r samples. In  th is way. we hope to  

provide some in it ia l evidence on the im pact o f p o te n tia l s tructura l in s ta b ility  on our inferences 

about long m em ory.

6 .4 .3  First-Pass S ta b ility  Analysis

As a first-pass s ta b ility  analysis  we split our sam ple  in to  two parts. M ore  specifically, because 

o f the shift in Federal Reserve System  o p era tin g  procedures in early  O cto ber 1979. we split 

our I .S. Ireasury b ill and  bond d a ta  at Septem ber 1979. I lie various panels o f fab les (i. I ti. I 

contain  full sam ple and sul>-sam ple estim ates o f the  K P S S  test statistics for all the re turns for 

w hich we reported earlie r. For each group. Ire tu rn s , excess returns, y ields, and te rm -p re m iu m i  

the first panel is the K P S S  test s tatistic  for the fu ll sam ple  period. I he second I th ird i  panel 

is the K P S S  test s ta tis tic  for the first (second; su lvsam p le .

Analysis o f the I .S. 'Ire as u ry  sub-sam ple results reveals some very interesting  regu larities . 

F irs t, the evidence for long m em ory from  the K P S S  tests is pervasive in returns, y ields, and  

te rm -p re m ia  across the tw o  sub-sam ples. The only exceptions are longer m a tu rity  returns in 

the  fu ll and p re-O ctober 197!) period and the 10-year bond for fu ll am i stil>-samples. Second, 

there is very l i t t le  evidence o f persistence in excess re tu rn s .1* These findings are robust over 

a w ide choice o f b an d w id th  choices to account for s h o rt-ru n  dynam ics.

**  W e  fo u n d  v e ry  s im ila r  b e h a v io r  in  th e  m o n th ly  r e tu r n  d a t a .  O u r  re s u lts  on  excess re tu rn s  w ere  q u ite  
ro b u s t across th e  s u te s a m p le s . W e  f in d  no  e v id e n c e  o f  lo n g  m e m o r y  in  excess re tu rn s  in  e i th e r  s u te s a m p le

io:>
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6 .4 .4  F ind ing  B reak Points w ith  S u p L M  Tests

T h e  re la tion sh ip  between long m em ory  and s tru c tu ra l change has receiver! an increasing  

am o u n t o r a tte n tio n  in recent years. Som e researchers (D ie b o ld  and Inoue C2001) and  ( ira n g e r  

and  H yun g  (1 9 9 9 )) see long m em ory as an a rtifa c t o f processes that exhib it c e rta in  types  

o f s tru c tu ra l change over tim e . O thers  (P arke  (19 9 9 ) and  Taqqu. W illin g e r. and  S herm an  

(1 9 9 7 ))  propose models where m any s tru c tu ra l breaks th a t last for random  d u ra tio n s  give rise 

to  t im e  series properties th a t are associated w ith  long m em ory (slowly decaying au to co rre la 

tion s). Taken  together, these lines o f research point to  a  b lu rring  o f the differences between  

long m em ory and  s tructura l change.

In  em p irica l studies, w hether a process is deemed to  be long m em ory or a break m ay com e  

dow n to  w hat types o f tests are perform ed on the d a ta . H ightow er and Parke ( 1999) c la rify  

th is  point by showing that the com m o nly  perform ed K P S S  test for s ta tio n a rity . which has 

also shown to  be a consistent test against long m em ory  (Lee and Schm idt i. is an a lgebraic  

special case o f the Andrews and Ploberger (199-1) tests for structural change. As these tests 

have nearly identical em p irica l properties, the m od elin g  choice between long m em or> anti 

stru c tu ra l change has typ ica lly  been determ ined  by the test run.

Andrew s ( 199;l) suggests a suprem um  test for a o n e -tim e  structural change w ith  an u n 

know n break point as a way to  account for the c ritic ism  th e i researchers m at 'e y e b a ll” the  

most likely  p oint for a break before ru n n ing  a typ ica l test, ( iiv e n  a tim e  series y , .  residuals  

defined in the usual m anner as t ,  =  y, — y.  and defin ing  .s', =  », to be the cu m u la tiv e

sum  o f residuals, the I.M  test for a o n e -tim e  change in m ean at a (joint t t  ((). I j ra n  be shown 

to  be

/ . . \ / r (T i  2  7 " ‘ ------- ^ 1 1 -------- I t i . I I ) ,
T| I -  - ) .S - | I  I

where js■*(*) is given by equation  (6 .9 ) . I f  u ( .s .t )  is taken  to be the B a rtle tt kernel. >*’ ( ( )  is

iden tica l to  the denom inator o f the K P S S  sta tis tic . T h e  Andrew s s u p l . M  test is then s im p ly

given bv sup / . . \ f j - ( tn  where H is bounded awav from  0 and  I.  
r £ I I

T h e  re la tionsh ip  between tests o f s ta tio n a rity  and tests o f s tructura l change can be seen by 

a com parison  o f ((>.)<) and (6 .1 0 ). T h e  K P S S  test for s ta tio n a rity  can be viewed as an average  

o f the  L M j i  tr ) ’s weighted by t ( 1 — .t ) .  H ightow er and Parke  (1999) show that these tw o  tests 

(as well as the Andrews and Ploberger u r g L M  and t i p l . M  tests) have nearly iden tica l power
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against m any com m on a lte rnatives  including s tru c tu ra l change, u n it roots and long m em ory. 

In  this con text, the  s u p L .M  test can provide insight in to  cand idate  b reakpo ints  tha t m ay be 

d riv in g  rejections o f  short m em ory, i f  indeed these rejections are d riven  by a structura l shift 

in the sam ple.

Th is  idea has been expanded on by Bai and Perron (2001 ) w ho show tha t m u ltip le  b reak

points m ay be e s tim ated  by using a sequential procedure. W e use th e ir procedure to see if  

in s tab ility  in m o n eta ry  variables ancl in fla tion  can exp la in  the persistence seen above.

6.4 .5  S p littin g  U sing M 2

O ne idea is tha t in s ta b ility  in the treasury d eb t-m ark e t securities is driven by ins tab ility  in 

an underly ing  m o n eta ry  aggregate, such as M 2 . T o  test this theory, we sequentially estim ate  

break points in M 2  for our sample period using the B a i-P erron  procedure. We then use these 

break points to  sp lit our return  and yield  (as well as o ur excess re tu rn  and te rm -p re m iu m i 

series and retest the  resultant sn!>samples using the K P S S  test. T h e  idea is that if  the insta

b ility /pers is tence  is com ing  from  m onetary variables, the evidence for long m em ory w ill be 

significantly decreased in the debt securities once we take  in into  account.

I lie results are shown in Iab lesti..') f i.* . W e id en tify  four sub sam p les  in M 2 and test w ith in  

them  accordingly. I he conclusions from  the naive split rem ain  unchanged except, perluqis in 

the second s iihsam ple. How ever, this sub-sam ple is q u ite  short |7S observations! s o  it is wise 

not to put too  m uch weight on this reversal.

6.4 .6  S p littin g  U sing In fla tion

N ext, we consider som e o f  the facts from  our in it ia l exercise. We find persistence in returns but 

not excess returns as well as in yields and te rm -p re m iu m . In  the te rm -p re m iu m , the evidence 

increases w ith  the m a tu r ity  d iffe rentia l. O ne e x p la n a tio n  for these facts could be an underlying  

in s tab ility  in in fla tio n  d riv in g  the persistence in the  d eb t-m ark e t securities through the Fisher 

equation . I f  n om in a l rates are equal to  the real ra te  plus expected in fla tio n , we would expect 

to  see just this typ e  o f b e h a v io r .11

13 R e c a ll th a t  e x p e c te d  in f la t io n  is o v e r th e  life  o f  th e  b o n d  a n d  th e re fo re  d iffe re n t  fo r  b o n d s o f  d iffe r in g  
m a t u r it y
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Tab les  6 .9  6 .1 2  presents the results from  sequentia lly  sp littin g  sam ples using in fla tio n .  

T h e  procedure picks a three-break m odel w ith  breaks at 1967:.). 1972:1. and 1982:7. These are  

shown in F igure  6 .2 . T h is  selection o f break dates closely agrees w ith  those o f B ai and  Perron  

(2 0 0 1 ) for the t '.S . real interest ra te  (th ey  use q u a rte rly  a 2 -m on th  Ireasury  b ill defla ted  by 

the  C P I ) .

O nce aga in , this split seems to have very l it t le  effect on the persistence in the  series. 

A n in teres ting  feature o f this experim ent is th a t persistence increases for long-bonds iti the  

fo u rth  sub-sam ple, suggesting an increase in in s ta b ility  or long m em ory since the 198U's. The 

persistence is also confirm ed by the  results o f a test B usetti and H arvey (20 0 1 ) propose to  test 

for persistence in the presence o f m u ltip le  s tru c tu ra l breaks. 1 he results o f this test, w hich  we 

denote O r. 1/ for ( ram er-von Mises. are shown in  Ia l) le 6 .o .  N otice that the test does not reject 

s ta tio n a rity  for in fla tio n , con firm ing  the results o f the B a i-P erron  procedure in e s tim a tin g  the  

break dates in in fla tio n .

6 .4 .7  M arko v-S w itch in g  M odels

As a final effort to  see i f  the persistence in treasury securities can be expla ined  bv u n d erly ing  

s tru c tu ra l in s ta b ility  we estim ate  the state  p ro b a b ilities  from  a tw o-state  M arko v -sw itch in g  

m odel like th a t o f H a m ilto n  I 1990). Figures ti. I th rou gh  6.9  plot the sta te  p ro b a b ilities  for a 

sam ple o f our series. It seems tha t the M arkov -sw itch in g  m odel mav prov ide an e x p la n a tio n  o f  

w hat we see in our tests for |>ersisteiice. I f  ev idence o f long m em ory is taken to  be equivalent 

to  evidence o f s tructura l instab ility  then the sm oothed state p ro liab ilities  for a tw o  state  

sw itch ing  m odel are qu ite  interesting . For the series where we find evidence o f long m em ory  

in o u r previous tables, there seems to  be clear evidence o f tw o  regimes tha t sw itch over t im e . 

F u rth er, the states cluster so tha t there are long runs o f each state. O n  the o th er h an d , for 

the series w here we don 't find much evidence o f  long m em ory llong  bond returns an d  excess 

re tu rns) the states switch back and  fo rth  frequ ently  m ak in g  the iden tifica tio n  o f  runs o f a 

specific reg im e d ifficu lt. In  p a rtic u la r, notice th a t m any o f the subsamples chosen fro m  the  

in fla tio n  break dates overlap regimes from  the M arko v -sw itch in g  m odel.

T a b le  6 .12  contains the results from  s p littin g  the sam ples on the m a jo r regim e sw itches from  

the tw o -s ta te  M arkov-sw itch ing  m odel. O n  the surface they seem to present much the  sam e
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picture  as before. How ever, when viewed in com bin a tio n  w ith  the s ta te  p ro b ab ility  graphs 

it can be seen th a t the evidence o f persistence (em bodied  in the  m ag n itu d e  o f the statistics! 

is decreased and m any previous strong rejections becom e m a rg in a l ones. T h is  is a result o f 

the d ifficu lty  o f choosing “ m a jo r"  changes in regim e. It app ears  tha t the sm all rejections o f 

s ta b ility  w ith in  a sub-sam ple are  driven by very b rie f changes in regim e. W e calcu lated  the  

C’i .M  s tatistics using changes in regim e as break dates. T h e  results, presented in the second 

panel o f  T ab le  6 .14 . agree w ith  the o ther a ttem p ts . T h e  persistence in  the series rem ains.

6.5 Sum m ary and Further D iscussion

O ne a im  o f this paper is to  explore the u tility  o f long m em ory m odels for understanding  

fixed-incom e m arket behavior. W e can s u m m a ri/e  our co n trib u tio n s  in the answers to several 

questions.

I he first question is w hether fixed income returns have long m em ory properties s im ila r  

to  w hat has been docum ented  for equity returns. Recall th a t evidence for long m em ory in 

gross equ ity  returns is th in .14 In this paper, we have shown th a t weekl>. gross holding period  

returns on a ll but long bonds show significant evidence o f  long m em ory, particu larly  since 

O cto ber 1979. I f  we focus instead  on weekly holding period  returns in excess o f the return  on 

the shortest m atu rity  b ill, there  is no com pelling  evidence for long m em ory in fixed income  

returns.

The second question is w hether the evidence of long m em ory is due to  underly ing s tructura l 

in s ta b ility . W e have gone to  some lengths to  establish th e  sensitivity o f these findings to 

s tru c tu ra l in s ta b ility . T here  is no test availab le that p erm its  us to  unconditionally  d istinguish  

long m em ory from  s tru c tu ra l in s ta b ility . Nonetheless, we have shown th a t many o f our results 

on long m em ory hold in s iilesam ples . In  this respect, we believe tha t our results have placed a 

sign ificantly  greater burden on researchers who would argue th a t fixed incom e research should  

ignore long m em ory because it  is probably produced by s tru c tu ra l in s ta b ility . T h is  issue is not 

yet settled , but as we ind ica ted  in  the introduction  to  the  [>aper. its resolution is im p o rtan t  

for a  num ber o f research areas in financial economics.

14 ( i r a n g e r  ( IU 9 9 )  arg u e s  th a t  th e r e  is no reason to  e x p e r t  lo n g  m e m o r y  in  re tu rn  series , h u t he a r r e p ts  long  
m e m o ry  in  r e tu r n  v o la t il it ie s .
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In  m an y  ways, our answers to  these questions raise an even larger num ber o f  questions. 

V\e believe there are som e in teresting  issues to  address in exp lo ring  the im p lic a tio n s  o f long 

m em ory  fo r fixed incom e research. O n e  step is to  study the im p act o f long m em ory on term  

structu re , bond p ric ing , a n d  fixed incom e d eriv a tiv e  models. Specifically, it w ou ld  be useful 

to  assess the size o f any pric ing  biases and to  iden tify  the circum stances w here the impact 

o f ignoring  long m em ory  is the most (and  least) noticeable. A second issue invo lves app ly ing  

stochastic and d e te rm in is tic  m odels o f long m em ory  to yields and returns and  com paring  

the forecasting  p erfo rm ance o f these m odels w ith  existing. ( i . \R (  'H -re la te d  m odels . A th ird  

question  revolves around  th e  im p lica tion s  o f long m em ory for longer-horizon. fixed -incom e risk 

m anagem ent problem s. Perhaps the most fu n d am en ta l issue rem ains the econom ic foundations  

for long m em ory  in fixed incom e m arkets.
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T ab le  6.1: KPSS Test: I le tu rn s

Full S am ple

f 0 1 8 12
1-m o n th 22 .298 7).334 3 .069 2.178
3 -m o n th 12.067 1.120 2.806 2.098
6 -m o n th 7>.109 2 .632 1.932 1.7)97)

12-m o n th 1.991 1.237) 1.034 0.97)1
3- vear 0.601 0.107) 0.37)6 0.347
.V vear 0 .1 1 ”) 0 .310 0 .272 0 .260

10-year 0 .171 0.111 0 .129 0.128

F irs t H a lf  o f Sam ple 11 9001
t 0 1 8 12

1-m o n th 32 .327 7.160 1.316 3.061
3 -m o n th 13.020 7). 399 3.7)61 2.641
6 -m o n th •V806 3.231 2.V27 2.099

12-m o n th 1.393 0 .918 0.823 0.742
It- vear 0 .339 0 .369 0.348 0.340
•Vvear 0 .319 0 .232 0.221 0.217)

10-year 0 .122 0.087) 0 .0 *6 0 .0 *4

Second H a lf  o f S am ple (901 17691
t 0 1 8 12

l-m o n tli 12.398 10.7.37 6 .107 1.366
.1-m o n th 22.17)7 s. 362 7). 380 1.093 1
6 -m on t h s. 7)6 7 4.7)32 3 .362 2.831

I'.'-m o n th 2.918 1 .*37) 1.7)7)1 1.472
3- vear 1.396 0.937) 0.811 0.792
V v e a r 1.111 0.841 0 .7 2 ”) 0.690

10-year O .IV ) 0 .3 *3 0.341 0.343

1 1 1
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T ab le  6.2: KPSS Test: Excess Returns

Full Sam ple
( 0 1 8 12

3m - lin 0 .708 0.7)62 0.7,17, 0 .493
6m - Im 0 .2 09 0.17)4 0.1 10 0 .138

12m- lm 0.231 0.161 0.17,0 0.17,0
3v- lm 0 .1 22 0.293 0.261 0.27,7
7 ,V - lm 0 .213 0.186 0.167, 0.17,9

lOv- lm 0 .0 97 0.079 0.073 0.072

F irs t H a lf  o f  Sample (1 900)
i 0 1 8 12

3 m - 1 m 0 .278 0.260 0.27,9 0.211
6 m - lm 0.131 0.116 0.116 0.118

12m - lm 0.111 0.081 0.079 0.076
3v- lm 0 .1 06 0.073 0.069 0.068
7 ,V - lm 0 .103 0.076 0.073 0.071

IOy- lm 0 .063 0.0-17, 0.017, 0.044

Secoml H a lf  o f Sam ple {901 1769)
0 1 8 12

3 m - lm 0.97-1 0.761 0.703 0.694
6m - lm 0.217, 0.17,8 0.1 12 0.140

12m- lm 0.1 11 0.100 0.092 0.093
3 \ - lm 0.391 0.272 0.2 11 0 .239

- 1 m 0 .1 12 0.321 0.281 0.270
I ()> - lm 0 .180 0.17,1 0.139 0.139
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Table 6.:?: KF’ SS Test: Y ie lds

F ull S am ple
( 0 4 8 12

3-m on th 30.114 6.078 3.412 2.388
6- m onth 30.950 6 .240 3.501 2.449

12 -m onth 33.886 6 .829 3.828 2.676
3 -vear 4 5 .M 7 9.226 5.163 3.602
5-vear 52.849 10.628 5.941 4.140

10-year 63.024 12.661 7.068 4.917

First H a lf  o f  S am ple (1 9001
/ 0 4 8 12

3 -m onth 39.557 8 .062 4.557 3.206
ti-m onth 42.799 8 .705 4.916 3,159

12-m onth 47.825 9 .722 5.491 3.865
3 -vear 64.515 13.073 7.3.)8 5 .158
•Vvear 71.096 14.374 8.070 5.643

10-year 78.760 15.887 8.897 6.206

Second H a lf  o f S am ple 901 17691
f 0 1 8 ‘ 2

3 -m outh 58.795 11.892 6.697 1.703
6-m on th 60.778 12.277 6.906 4.844

12-m onth 62.365 12.587 7.073 4.955
3- vear 64.880 13.076 7.333 5.128
3- *ear 65.780 13.254 7.428 5.190

10-year 67 .247 13.542 7 .)8  1 5.290
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Table 6.-I: KPSS Test: T e rm  P re m iu m

Full S am ple
( 0 4 8 12

1 2 m -lm 1.807 0.391 0 .230 0 .169
3 v - lm 27.981 •1.799 3 .333 2 .383
•'tv-1 m 32 .850 6 .753 3 .856 2 .742

lO y -lm 39.207 8 .017 4 .560 3 .232

F irst H a lf  o f  S am ple ( I  900 )
0 1 8 12

I2 m - lm 3.735 0 .818 0 .507 0.371
3 v - lm 1 1.286 2 .374 1.360 0 .963
5v- 1 111 10.917 2 .260 1.287 0 .908

lO y -lm 11.210 2.304 1.307 0.921

Second H a lf  o S am ple 1901 1769)
f 0 4 8 12

1 *Jm-1 m 9.829 2 .097 1.236 0 .910
: lv -1 m 1.211 0 .882 0.514 0.374
5v-1 m 6.178 1.283 0 .743 0 .537

lO y -1 in 9..'i 12 1.96.-) 1.133 0 .816
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



www.manaraa.com

T ab le  6.">: KPSS Test on M 2 S p lits : R e tu rns

First B reak (1 344)
i 0 4 8 12 .

l -m o n th ! 20 .548 5.104 3.041 2 .187  ;
3- m o n th 14.315 4.700 2 .955 2.102 ;
ft- m o n th ; 4 .953 2.481 1.795 1.453 :

1 2 -m on th 1.401 0 .919 0.741 0.039
3 -vear 0 .100 0.070 0 .000 0.053
•')- vear 0 .102 0.070 0 .059 0.054 i

10-year 0 .000 0 .045 0 .049 0.050

Second B reak (34 ') 4231
( 0 4 8 12

1-m onth 0 .950 0.438 0 .329 0.203
3 -m o n th 0 .303 0.294 0.231 0.234
0 -m o n th 0.081 0.071 0 .070 0.080

12-m on th 0.143 0.105 0 .107 0.140
3 - vear 0 .395 0.2N1 0.284 0.330
•')- vear 0.311 0.220 0.224 0.207

10-year 0.045 0.044 0.054 0.090

Third  Break (424 1285)
t 0 4 X 12

l-m o n th 19.450 4.950 2.898 2.085
3 -m o n th 8.951 3.720 2.490 1.937
0 -m o n th 3 .4 7 m 1.940 1.525 1.333

12-m onth 1.014 1.019 0 .887 0.847
3 - vear 0.334 0.220 0 .208 0.215
5 - \e a r 0 .340 0.251 0 .225 0.220

10-year 0 .312 0 .240 0.230 0.231

Fou rth  B reak (1280 1709)

' 0 4 8 12
l-m o n th 14.518 3.012 2.003 1.419
3 -m o n th 11.113 4.173 2.474 1.703 :
0 -m o n th 4.487 2 .040 1.785 1.358

12-m on th 1.159 0.915 0.720 0.030
3-y e a r 0.304 0.248 0.211 0 .200  ;

•Vvear 0 .150 0.130 0.124 0.123
10-year ’ 0 .110 0.100 0.094 0.093

1 15
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T ab le  6.6: KPSS Test on M 2 S p lits : Kxcess Returns

First Break ( I -3-14)
( 0 4 8 12

3in- lm 1.327 1.041 0.917, 0.801
6rn- lm 0.306 0.222 0.197, 0 .186

12 in -1 m 0.146 0.107 0.094 0.087

3 v -1 m 0 .138 0.108 0 .092 0.082
7 ,v -lm 0.264 0.182 0.17,7, 0.141

10 y - 1 m 0.148 0.112 0 .120 0.123

Second Break |34 ', 423)
I 0 4 8 12

3 m - lm 0.127 0.137, 0 .124 0.149
6 m - 1 in 0 .040 0.037 0 .010 0.07,7,

12m- lm 0.107 0.080 0 .084 0.117,

: !v - lm 0.371 0.267, 0 .267 0.313
7,v- lm 0.300 0.213 0 .217 0.27,9

lO y -lm 0.017 0.046 0.07,6 0.093

T h ird  Break 1-121 1287,)

t 0 4 8 12
3m -1 in 0 .637 0.7,03 0 .476 0.468
6 m - lm 0.239 0.171 0.17,6 0.17,7,

1 2 m -lm 0.339 0.234 0.21 I 0.214
: u - im 0 .149 0.102 0.094 0.096
7,v-1 in 0 .187 0.139 0.124 0.121

lO y -lm 0.226 (). 17?s 1). 167, 0.167,

Fourth  Break (1286  1769)
t 0 4 8 12

3 m -1 m 0.7,68 0.7,06 0 .402 0.341
6m - lm 0.138 0.138 0 .126 0.119

1 2 m -lm 0.134 0.127, 0 .113 0.112
3 v - lm 0.7,7,6 0.4-18 0 .379 0.37,6
7 ,v -lm 0.176 0.162 0.1 18 0.148

1 O y-1 m 0.17,6 0.144 0 .128 0.127
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Tab le  6.7: KPSS Test on M 2 S p lits : Y ie lds

First Break 11 34-1)
( 0 4 8 12

3- m onth 28.020 7). 744 3 .270 2 .322
6 -m on th 28.78-1 7). 8 9-j 3.37,6 2 .3 83

12-m onth 29.123 7).97)9 3 .387 2 .402
3- vear 30.164 6.17)* 3 .493 2 .470
•Vvear 30.849 6.298 3.7,71 2.7,22

10-year 30.464 6.222 3.7,27, 2 .488

Second Break |3)7, 423)
( 0 4 8 12

V  m onth 2.277 0.7)03 0 .313 0 .2 49
6 -m onth 2.042 0.448 0 .279 0.221

12-m onth 2.048 0.460 0.294 0 .239
11- \  ear 4.762 1.046 0.646 0.7,01

V v e a r 7,.62", 1.227 0.77,1 0.7,72
10-year 6.243 1.37,7, 0 .830 0.637,

T h ird  Break (121 1287,i
I 0 I 8 12

3-m on th 28..")0.'> 7). 7 *0 3.263 2.297
6 -m onth 29.171 ',.906 3.331 2.343

12-m onth 3 1 .8 6 * 6.447 3.634 2.7,7,)
3 -vear ■10.7.'i0 8.223 4.619 3.234
•Vvear : 43.97)6 *.*6 1 4 .968 3 .473

10-year 49.027 9.868 7, .7,20 3 .8 )9

Fourth  Break 112*6 1769)
t I) 4 8 12

V  m onth 23.107 4.640 2.7,8* 1.800
6-m on th 23 .729 1.76* 2.662 1.87,3

12-m onth 21..V)8 1.93* 2.761 1.927,
15- vear 28.27)2 V  701 3.202 2.217,

5 -vear 30 .472 6.164 3 .472 2.441
10-year 33.894 6.864 3.869 2.721
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Table (5.8: KPSS Test on M 2 S p lits : T e rm  P rem ium

First Break (1 -3 4 -I)
( 0 4 8 12

1 ’J m -1 rn 2.0 "> 1 0.47,1 0 .2 68 0.198
3 v -1 m 1.673 0.367 0 .2 20 0.163
7>v-1 m 4.218 0.896 0.7,26 0.387,

lO y -lm 9.897) 2 .066 1.200 0.870

Second Break (34 ', 4 2 3 1
I 0 4 8 12

12m -1 tn 0.647 0.186 0.127, 0.107,
3y - 1 in 4.7)97, 1.162 0 .7 30 0.7,67
7>V- 1 111 4.649 l . l l t 0 .6 93 0.7,37

lO y -lm 4.094 0.913 0.7,7,4 0.421

T h ird  Break (41*4 1287,,
1 0 4 8 12

1'Jill- llll 4 .372 0.949 0.7,63 0.414
3 v -lm 8.7,09 1.777, 1.027 0 .739
7>V- 1 I I I 8.300 1.720 0.991 0.710

l()y- In i 8.37,9 1.726 0 .9 93 0.711

Fourth Break 11286 I7 6 9 i
! 0 4 8 12

1 2 m -1 in 1.27,6 0.887, 0.7,09 0.364
3 v -1 in 3.334 0.6,87, 0 .3 92 0 .280
7>V- 1 I I I 4.748 0.966 0.7,46 0 .386

l( )y - I in .',.732 1.17,9 0.67,1 0.47,6
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Table 6.9: KPSS Test on In f la tio n  S p lit* : R e tu rns

First Break 11 250)
( 0 4 8 12

l-m o n th 15.426 4.162 2.440 1.718
0 -m o n th 10.102 4.052 2.407 1.720
6-rnonth 5.-108 2.407 1.608 1.256

12-m unth 2.590 1.268 0.962 0 .790
0-year 0.021 0.169 0.109 0 .120
5- vear 0.240 0.149 0.122 0.107

10-year 0.088 0.057 0.067 0 .070

Second Break (25-1 549)
f 0 4 s 12

1-m outh 6.404 1.495 0.872 0.621
II-m on th 2.012 0.971 0.640 0 .490
6-m on th 0.574 0.076 0 .012 0.28.5

12-m onth 0.005 0.210 0.182 0 .166
I?-vear 0.014 0.224 0.204 0.191
.Vvear 0.107 0 .277 0.257 0.251

10-year 0.200 0.156 0.15s 0 .152

Third  Break |550 1012'
f 0 1 8 12

1-m outh 19.786 5.210 0.088 2.210
0-m on th 7.59 s 0.080 2.051 1.870
6 -m onth 2.420 1.075 1.126 1.000

12-m onth 0.585 0.056 0.025 0 .000
0 -vear 0.05s 0.009 0.008 0 .040
V  vear 0.047 0.004 0.002 0 .000

10-year 0.007 0.027 0.027 0 .000

Fourth  Break 1 10-10 1769)
i 0 1 8 12

l-m o n th 29.155 7.008 4.252 0 .022  '
0-m on th 20.095 7.141 4.076 0 .209
6 -m onth 10.000 5.126 0.092 2.611

12-m onth 4.271 0.029 2.240 1.842
0 -vear 2.629 1.779 1.054 1.1 18
V v e a r : 1.802 1.402 1.159 1.019

10-year ‘ 1.017 0.906 0.758 0 .685
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T ab le  0. 10: KPSS Test on In fla tio n  S p lits : Excess R e tu rns

First B reak (1 252)
f 0 4 8 12

:irn -1m 2 .0 1"» 1.410 1.100 0 .900
6 rn - lm 0.720 0 .489 0,101 0 .252

12m lm 0.708 0.298 0.220 0 .290
lm 0.295 0.157 0.120 0 .112

:>V lm 0.295 0.182 0.150 0 .122
lOy- lm 0.1 19 0.090 0.112 0 .119

Second B reak (25 1 5491
t 0 4 8 12

2m- lm 0.200 0 .222 0.208 0.202
0m - lm 0.109 0.144 0.142 0 .150

12m- 1 m 0.111 0.084 0.078 0 .075
:!v lm 0.278 0.272 0.250 0 .225
:»%■- lm 0.470 0.221 0.299 0 .292

lOy- 1 m 0.229 0.184 0.180 0 .179

Third Break (550 1042.
t 0 1 8 12

lm 0.208 0.229 0.229 0 .252
0m - 1 m 0.051 0.027 0.025 0.027

12111 - lm 0.082 0.055 0.052 0.057
:!v- lm 0.147 0.100 0.098 0 .110
5 \ - lm 0.100 0.078 0.072 0.075

10y lm 0.122 0.098 0.090 0.100

Fourth  Br* ak 1 1012 1709)
t 0 4 8 12

2m - lm 2.099 i . 125 1.040 0 .889
0m - lm 1.298 0 .982 0.719 0 .040

12? ii- lm 0.970 0.824 0.004 0.584
:ty- 1 m 1.514 1.009 0.821 0.717
5 \ - lm 1.148 0.942 0.779 0.097

IOy- lm 0.089 0.025 0.529 0.182
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T ab le  ( j . l  I: KPSS Test on In f la tio n  S p lits : M e lds

First Break ( I 233)
f 0 4 8 12

3 -m o n th 21.670 1.387 2.471 1.739
6 -m onth 20.731 1.201 2 .370 1.671

12-m onth 20.128 1.111 2 .336 1.646
3 -vear 20.338 1.127 2 .328 1.638
•Vvear 20.631 1.190 2 .364 1.662

10-vear 20.191 1.139 2 .330 1.633

Second Break (2 V I 349)
1 0 1 8 12

3 -m onth 7.667 1.368 0 .893 0.634
6- m onth 7.299 1.197 0 .833 0 .610

12-m onth 6.279 1.29-1 0 .743 0 .333
3 -vear 1.172 0.923 0 .333 0.384

3 -vear 3.296 1.1)96 0 .632 0.433
10-year 7.990 1.633 0.931 0.681

Third Break ( -V-V0 1042  i
t 0 1 * 12

3 -m onth 29.9-18 6.109 3 .166 2.432
ti-m on th 30.717 6.26-1 3 .333 2 .313

12-m ont h 32.213 6.36-1 3 .723 2 .632
3- \  ear 33.371 7.199 1.069 2.866
3 -vear 36.121 7 .34* 1.1 17 2 .916

10-year 3ft. 1 17 7 .71* 1.363 3 .039

Fourth  Break 1 10-13 1769)
1 0 I H 12

3 -m onth 12.767 * .6 9 * 1.894 3.424

ti-m on th 11.000 .*.948 3 .036 3.327

12-m onth 44 .9 *7 9.140 3.144 3 .606
3 -vear ■19.161 9.994 3.634 3.936
3 -vear 30.2 11 10.212 3 .736 4.044

10-year 32.037 10.373 3 .938 4.183
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Fable 6.12: K P S S  Test on In fla tio n  S p lits : T erm  P re m iu m

First Break (1 -2 5 3 )
( 0 4 8 12

12m - lm ! 0.741 0.184 0.123 0 .098
3 v - lm ; 7.316 1.704 1.089 0 .840
5 v - lm 14.606 3.155 1.883 1.386

lO v - lm 18.337 3.819 2.209 1.589

Second Break (25-1 549)
f 0 4 8 12

1 2 m -1 m 5.'J68 1.338 0.789 0 .577
3v- lm 17.013 3.577 2.051 1.454
5 v - 1 m 18.126 3.746 2.131 1.503

[ lO y - lm 17.982 3.679 2.085 1.469

T h ird  Break (550 1042)
I 0 4 8 12 |

1 2 m -1 m 10.529 2.296 1.358 0 .993  |
3 v - 1 m 3.933 0.834 0.189 0.355
5v - lm 5 .030 1.057 0.616 0.447

I l l y - 1 in 5 .893 1.230 0.715 0.517

F ou rth  Break 110-13 I7 6 9 i
< 0 I 8 12

1 2 m -1 m 3.440 0.733 0.436 0 .325
3 v - 1 m 14.702 3.035 1.753 1.268

5v-1 in 9 .582 1.964 1.123 0.803
lO y -1m 6.426 1.312 0.716 0.529
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Table  6.13: KPSS Tests on M arkov S w itch in g  Sam ples

3 -m onth  Returns
start end 0 4 8 12

1 8-17 1 9 .884 4.178 2 .822 2.117
8-1* 1198 0 .702 0.391 0.303 0.271

1199 1769 1 1.267, 4.307 2.7,70 1.838

10-year Returns
start end 0 4 8 12

1 280 0 .216 0.144 0.17,7 0.17,6
281 1769 0.223 0.182 0 .166 0.164

.'{-year Kxcess R eturns
start end 0 4 * 12

1 921 0.327 0.214 0.201 0.198
927, 1191 0.127, 0.090 0.080 0.077

1092 1769 0.7,37, 0.398 0.324 0.294

3 - m onth Yields
start end 0 4 * 12 I

1 *7)2 33.27,1 6.771 3.832 2.700  1
s:,3 1262 16.67) I 3.443 1 .9 ** 1.437, I

1263 137* 7.61 1 1.722 1 .03* 0.777  1
1379 17,11 10.7,17, 2.200 1.277, 0.927, 1
1 .") 1 2 1770 1 0 .* * * 2.207 1.244 lt.*77, I

10-year Yields
start end 0 I * 12

1 *7)7) 71.171 17,.026 * .4 1 * 7,.,s74
*7,6 127,* 6 .729 1.386 0 .793 0.7)66

1239 1322 7).210 1.147, 0.704 0.7,40
1322 17,07) 7,..)7* 1.19* 0.721 0.7,46
1 >06 1770 7,.337, 1.097 0.629 0.47,3

3- year Term  P rem iu m
start end 0 4 12

1 169 *.1 1 4 1.87,1 1 .100 0 .*0 7
170 7,67 3.432 0.748 0.47,3 0.340

7)68 679 7.711 1.719 1.04* 0 .777
6 *0 866 11.102 2.396 1.409 1.036
*6 7 1027, 3.7,96 0.787 0.487, 0 .376

1026 1396 7 .4 1 * 1.376 0.940 0.706
1397 17,13 8 .069 1.77,3 1.07,7, 0 .793

17>1-1 1733 2.488 0.7,27, 0 .309 0.229
173-1 1770 ; 2 .337 0.7,39 0.37,3 0 .300
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Table  6.14: C ra n ie r-vo n  Mises S ta tis tic s

In fla tio n  S am ple  Splits
f 0 4 8 12 b rk s + l :>7< cv*
infl 1.115 0 .329 0.203 0 .148 4 1.237

ret :1m 2 9 .3 6 8 10.756 6.828 5 .1 05 4 1.237
ret lOv 1.514 1.225 1.123 1.111 1 1.237
xret.1v 1.931 1.338 1.194 1.176 I 1.237
v ld lm 70 .43 9 14.218 7.981 5 .586 4 1.237
v ld lO v 70 .59 0 14.182 7.916 5 .508 1 1.237

1 P-b 2 2 .5 8 0 4.680 2.690 1.923 4 1.237
* cv's taken  fro m  B usetti and H arvey  (2 0 0 1 ). N yb lo m  (1

M ark o v -S w itch in g  S am ple  Splits
1 0 4 8 12 brks-t-1 77, cv*

ret 3m 8 .9 05 3.261 2.070 1.548 3 1.000
ret lOv 0 .2 8 9 0.234 0.214 0 .212 •> 0.718
xret3v 0 .9 63 0 .667 0.596 0.587 3 1.000
v ld3m 2 9 .38 5 5.931 3.330 2 .330 5 <  1.686 |6 i
v ld lO v 2 9 .46 9 5.920 3.305 2 .299 5 <  1.686 i f> i

t p3y 2 9 .19 6 6.051 3.477 2.486 9 2.116  <  2 .533  ( !()>
* c v ’s taken  fro m  B usetti and H arvey (2 0 0 1 ). N> b lom  I 1989)
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F igure 6.1: A u to c o rre la tio n  Functions fo r !(</) and A H (1} Processes

0 6
 !(</) Series: d=0.4

1 AR( 1 ( Senes: 0=0.5

o m ;n *o -U) v» u) ho nio
L a * U n *th

Figure P a r tia l Sum s for l i d )  and A l l !  1 i Processes

4KI

 Il</) Series: d=0 4
1 1 AR( 1) Senes. 0=0.5

0 IV ) V«) 4V) NR) ’ V ) MIR) |I)V) 12(1) |W )  iV R ) [6V> 1 HID | ‘*V)
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Figure ().:?: In f la tio n  w ith  E s tim a te d  Break Points
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F igu re  6.-1: 3 -M o n th  Bond R e tu rn . S ta te  P ro b a b ility

Figure 6.5: 10-W a r  R e tu rn . S ta te  P ro b a b ility

F igure 6.6: 3 Year Bond Fxce>s R e tu rn . S ta te  P rob ab ility
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Figure 6.7: 3 -M o n th  B il l Y ie ld . S ta te  P ro b a b ility
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F igure fj.'J: 3 -Y r Bond T erm  P re m iu m . S ta te  P ro b ab ility
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